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ABSTRACT 1

Abstract

We define a variant of factorization algebras called pointless factorization algebras and
prove that the tool-box of gluing techniques available for ordinary factorization algebras car-
ries over to the pointless version. We then construct the pointless higher Morita categories
ALGPY(C). Explicitly, we use Scheimbauer’s construction of the pointed higher Morita cate-
gories ALthd(C) which uses constructible factorization algebras, and adapt it to the point-
less setting. Then we translate the n-dualizability results of Gwilliam—Scheimbauer from
ALGPY(C) to ALGPY(C), exhibiting that the latter is also fully n-dualizable, and assuming a
lifting lemma we prove a criterion for 3-dualizability in ALGg1 (C).

In the last part of the thesis we prove that enriched skein categories compute factorization
homology in V-Cat.
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1. Introduction

1.1. General motivation. In a classical field theory on a spacetime manifold M one
assigns to each open region U C M a “space” of physical field configurations. Classical
observables are then typically given by functions on this space of field configurations. When
moving from a classical theory to a quantum field theory a crucial question is how one can
capture the essence of what observables should be. One possible answer is the notion of
factorization algebras in the sense of Costello-Gwilliam [CG17, [CG21]. By design, the
definition of a factorization algebra is meant to be a minimal axiom system for the observables
of a quantum field theory.

Following Costello-Gwilliam, a factorization algebra F on a space X with values in VECT,
the category of vector spaces, corresponds to giving a vector space F(U) for each open set
U C X. Heuristically, this can be thought of as giving a space of measurements that can be
performed at the spacetime U. For each inclusion Uy U... U U, — V, where U denotes the
disjoint union, we assign a linear map

FOLY...UU) — F(V)

respecting composition. This can be seen as induced by performing measurements in disjoint
regions of the spacetime. Moreover, these maps induce correlation functions (JCG17, §2,
Definition 5.0.2]). We also require F to be multiplicative in the sense that we require the
following maps

1S F0)  and  FU)RFV)SFUUV)

to be isomorphisms. Lastly, F is required to satisfy descent for so-called Weiss covers.

The above is a very crude explanation. In general we want to replace VECT with a
sufficiently nice symmetric monoidal oco-category C. Thus, we also need to take into account
all of the corresponding coherences coming from being in a higher categorical setting. To
capture this one instead assembles the above as a functor of co-operads. Explicitly, opens of
X and inclusions thereof are assembled into an co-operad denoted open(X)®. A factorization
algebra is then an algebra for this co-operad in C which satisfies multiplicativity and descent
for Weiss covers.

A motivation for the above definition of a factorization algebra is the algebro-geometric
version of Beilinson—Drinfeld [BD04], called chiral algebras. Their version is related to ver-
tex operator algebras, which is an important notion in the setting of conformal (quantum)
field theories. Moreover, topological versions of the Beilinson-Drinfeld chiral algebras and
corresponding chiral homology were recognized by multiple people. This is developed by
Lurie under the name of topological chiral homology ([Lurl?]), by Morrison—Walker under
the name of blob homology ([IMW12]) or by Ayala—Francis under the name of factorization
homology ([JAF15]). We use the name factorization homology here. In short, this is a homol-
ogy theory for topological manifolds which satisfy a version of the Eilenberg—Steenrod axioms
for ordinary homology (JAF15, [AFT17al).

These notions are related to quantum field theories where the correlation functions do
not depend on the metric of the spacetime, i.e. they are topologically invariant. When this
is the case one talks about having a topological (quantum) field theory, or a TFT for short.
At the level of factorization algebras one can capture topological invariance by imposing an
additional condition called local constancy. That is, given an inclusion U — V we impose
that the map F(U) — F(V) is an equivalence whenever U and V are isotopy equivalent.
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The data of a topological (quantum) field theory can be packaged in a functorial way.
The original definition by Atiyah [Ati88] and Segal [Seg88]| says that a TFT is a symmetric
monoidal functor (of ordinary categories)

Z: CoBy — VECT , (1.1)

where, informally, COBy is the category whose objects are closed (d—1)-dimensional manifolds
and morphisms are (diffeomorphism classes) of d-dimensional cobordisms between theseﬂ
The symmetric monoidal structure on COBy is given by disjoint union. One can additionally
decorate the manifolds with tangential structures like orientations or framings in a compatible
way. In that case we get variants of topological field theories like oriented or framed TFTs.

On one side of we have the category of bordisms which can be thought of as topologi-
cal input. Similarly, we can think of the target category as encoding algebraic data. From this
point of view it is not all that surprising that topological field theories exhibit an interesting
relationship between algebra and topology. For example, setting n = 2 and working with the
oriented version of COBy in it is well-known that the category of oriented 2-dimensional
TFTs is equivalent to the category of commutative Frobenius algebras.

A higher categorical version of a TFT is a fully extended topological field theory [BID95),
Lur09b]. For this one replaces the ordinary category of cobordisms COBy in by a
symmetric monoidal (oo, d)-category of bordisms denoted BORDy. Informally, objects are
(compact) 0-manifolds, 1-morphisms are “bordisms between objects”, 2-morphisms are “bor-
disms between bordisms”, and so on until one reaches d-morphisms which are d-dimensional
bordisms. For the higher morphisms the flavour changes and we instead have that (d + 1)-
morphisms are diffeomorphisms of d-dimensional bordisms, and so on. In particular, this
means that for & > d, all of the k-morphisms are invertible. The symmetric monoidal struc-
ture is again given by disjoint union. With this, a fully extended d-dimensional topological
field theory is a symmetric monoidal functor

Z: BOrRDy — C

where the target category is also upgraded to be a symmetric monoidal (oo, d)-category. As
before, one can coherently equip the bordisms with tangential structures like orientations and
framings to obtain oriented or framed fully extended TFTs.

The name “fully extended” comes from the fact that this (fully) extends the data of the
bordisms all the way down to 0-dimensional manifolds, i.e. points. This provides tremendous
computational power. In the setting of an ordinary d-dimensional TFT one can perform
computations by decomposing a d-dimensional cobordism into easier d-dimensional cobor-
disms glued along (d — 1)-dimensional cobordisms. Meanwhile, in the fully extended setting
one can decompose a d-dimensional bordism into d-dimensional bordisms which glue along
(d —1)-dimensional bordisms, which themselves are allowed to glue along (d —2)-dimensional
bordisms and so on all the way down to points. The above decomposition-procedure is also
the heuristics behind the “Cobordism hypothesis”, conjectured by Baez and Dolan in [BD95].
Very informally, it states that a d-dimensional fully extended TFT is fully determined by its
value at a point. More precisely, evaluation at a point induces an equivalence of co-groupoids
between isomorphism classes of d-dimensional fully extended TFTs valued in C and isomor-
phism classes of so-called d-dualizable objects of C.

lEXplicitly, a cobordism from M to N is a d-dimensional manifold ¥ with an identification of the boundary
0% with M N.
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We again have an interplay between topological and algebraic data: while constructing
a fully extended topological field theory requires exceptionally good understanding of the
(00, d)-category BORDy, the condition of an object being d-dualizable is phrased entirely
within the target category C. Hence, the latter is a purely algebraic (or category theoretic)
condition. For this reason it is in many cases considerably easier to investigate dualizability
in the target category C than it is to construct a fully extended topological field theory.

One target category which has been widely studied in the literature is the higher Morita
category. Classically, the Morita 2-category is the 2-category whose objects are associative
unital algebras, 1-morphisms are bimodules and 2-morphisms are bimodule homomorphisms.
When generalizing this to get a higher categorical version there are, at the level of objects,
two mathematical tools available in the literature. That is, either E,-algebras, i.e. algebras
over the little disk operad, or locally constant factorization algebras. The former is used in
Haugseng’s version of the higher Morita category ALGH(C) from [Haul7], while the latter is
used in Scheimbauer’s version ALGPY(C) from [Sch14), [GS18]. In this thesis we construct a
third version ALGP'(C) by using a new variant of factorization algebras.

In many cases dualizability can be thought of as some kind of finiteness-condition. For
example, a 1-dualizable object in the category VECT is a finite-dimensional vector space. The
Morita 2-category introduced above corresponds to both ALGH(VECT) and ALGE’I(VECT).
Every object is dualizable with the opposite algebra providing the dual, while the 2-dualizable
objects are the separable, finitely-generated algebras, c.f. [DP80]. This is in stark contrast
to if we would have chosen to work with ALGIftd(VECT), where only the trivial object is 2-
dualizable. We explain the reason for this, and the motivation for constructing a third version
of the higher Morita categories in detail in Section [1.2

When working with fully extended framed TFTs with values in the pointed higher Morita
category ALfod(C) the cobordism hypothesis is a very precise statement. Lurie outlined
in [Lur09b] that given an E,-algebra A, factorization homology computes a fully extended
n-dimensional TFT. This was explicitly constructed in [Sch14] and exactly corresponds to a
fully extended n-dimensional TFT with values in ALGPY(C). In some more detail, let Mﬂd?
denote the symmetric monoidal co-category of d-dimensional manifolds and embeddings, and
let @isks? be the subcategory whose objects are d-dimensional disks. An E,-algebra A is a
symmetric monoidal functor as indicated below

Disks? % c®

& g . (1.2)

A
Mid?

Factorization homology (with coefficients in A), denoted | A is defined as the left Kan
extension of A along ¢ the inclusion of disks into all manifolds [AF15]. One can think of the
assignment | A as “integrating” over the value of all disks included into the manifold M.
Using factorization homology to compute topological field theories has also been exploited
in more concrete examples. For example, in [BZBJ18a, BZBJ18b| Ben-Zvi, Brochier and

2We write “ptd” as an abbreviation for “pointed” to denote Scheimbauer’s higher Morita categories.
Meanwhile the third version is decorated with “pl” which is an abbreviation for “pointless”. See Section [1.2
for more details.
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Jordan compute factorization homology on surfaces (i.e. d = 2) with values in CAT, inter-
preted as some suitable (2,1)-category of categories. For their computations they use certain
categories of representations of quantum groups and their results provide a concrete example
of the general idea that there is an interesting interplay between quantization and factor-
ization homology. Another concrete example is provided by skein categories, which Cooke
shows to compute factorization homology on oriented surfaces (with values in the category of
k-linear categories) in [Co023]. A skein category is a categorical analogue of a skein algebra
first defined by Walker and Johnson-Freyd in [Wal] and [JF19], respectively.

1.2. The point of pointless factorization algebras. We start by giving a brief ex-
planation of the two constructions of the higher Morita categories present in the literature, as
well as explain their advantages and drawbacks as it relates to dualizability. Along the way
we will see why there is need for a third version, and we build a list of requirements for such
a third version. Then we present the solution developed in this thesis; namely the pointless
higher Morita categories built from constructible pointless factorization algebras.

In [Lur09bl Definition 4.1.11] Lurie sketched an inductive definition of the higher Morita
categories using E,-algebras. Scheimbauer made a variant of this sketch precise in [Sch14),
GS18| by constructing an (oo, n + 1)-category denoted ALGP'(C) using constructible factor-
ization algebras. That is, factorization algebras F defined on a stratified space such that F is
“locally constant with respect to the stratification”. Explicitly, this means that F sends any
inclusion U — V of stratified isotopy equivalent disks to an equivalence. We give an informal
dictionary between the precise construction of Scheimbauer and what it morally speaking
corresponds to for E,-algebras.

n-category E,-algebra version factorization version
O-morphism E,-algebra locally constant on (0,1)"
1-morphism bimodule of E,-algebras constructible for {a'} x (0,1)"1
2-morphism bimodule of bimodules constructible for
of E,_1-algebras {at,a®} x (0,1)"2 C {a'} x (0,1)"!
n-morphism pointed bimodule of ... bimodules constructible for full flags
(n + 1)-morphism | point-preserving bimodule map map of factorization algebras

At the level of objects the dictionary can be made precise, i.e. there is a known equivalence
between E,-algebras and locally constant factorization algebras on (0, 1)"EI We highlight that
here the n-morphisms are pointed bimodules (of ... bimodules). At the level of constructible
factorization algebras this comes from the fact that for every open U C X there is an inclusion
() < U which in turn induces a structure map

3There is an equivalence of E,-algebras and locally constant multiplicative prefactorization algebras on
disk(R"™) by [Lurl?, Theorem 5.4.5.9] and [Lurl7, Example 5.4.5.3]. By [KSW24l Corollary 5.24] the latter
is equivalent to locally constant factorization algebras on R™ 22 (0, 1)".
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for any constructible factorization algebra &F. Similarly, the (n + 1)-morphisms are maps that
preserve the structure of the n-morphisms, i.e. point-preserving bimodule maps.

As already mentioned, higher Morita categories are tractable targets for framed fully
extended topological field theories, and in this context it is interesting to understand dualiz-
ability in the higher Morita categories. Gwilliam and Scheimbauer proves that every object
of ALGPY(C) is fully n-dualizable in [GS18| Theorem 4.1]. Their constructions of duals and
adjoints leverages the geometric nature of constructible factorization algebras. However, they
also prove that only the trivial object of ALGP'Y(C) is (n + 1)-dualizable ([GS18, Theorem
5.1]). The obstacle for interesting (n + 1)-dualizability in ALGP'(C) is exactly the pointed
nature of the n- and (n + 1)-morphisms.

The next natural question is to compare this to the version of the higher Morita cat-
egories ALGY(C) constructed by Haugseng in [Haul?7]. Briefly, Haugseng uses generalized
non-symmetric co-operads to model E,-algebras, and this version does not have the pointed
feature of ALGPY(C). That is, n-morphisms of ALGI(C) are simply bimodules (of .. bi-
modules) and the (n + 1)-morphisms are bimodule maps. In light of pointings being the
obstruction for non-trivial (n 4 1)-dualizable objects in ALGP'(C) it is natural to expect
interesting (n + 1)-dualizability in ALGH(C). However, this would assume that we know how
to prove n-dualizability in ALGH(C), which we do not. The reason for this is that the general-
ized non-symmetric co-operads used to construct ALGI: (C) are very rigid, and there is at the
moment no good way of translating the geometric constructions of [GS18| to this setting.

In summary, there is need for a third version of the higher Morita categories to be able
to prove interesting (n + 1)-dualizability results. We approach this by looking for a variant
of constructible factorization algebras satisfying the following list of requirements.

The list of requirements 1.1.

(1) On (0,1)™ with strata of dimension > 1 we get back the ordinary notion of con-
structible factorization algebras.

(2) On (0,1)" stratified by a full flag (i.e. containing 0-dimensional strata) we get bi-
module structures (instead of pointed bimodule structures).

(3) They must satisfy the same key properties as constructible factorization algebras
used to construct the factorization higher Morita categories. Explicitly,
(a) they need to glue,
(b) and push forward along certain nice maps.

(4) The n-dualizability results of [GS18] must transfer to the new version.

In this thesis we define and develop the theory of constructible pointless factorization
algebras as a solution to the above problem. We highlight that the the list of requirements
is developed exactly to get the following new informal dictionary.
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n-category Lurie’s version pointless factorization version
0-morphism E,-algebra locally constant on (0,1)"
1-morphism bimodule of E,-algebras constructible for {a'} x (0,1)"1
2-morphism bimodule of bimodules constructible for
of E,_1-algebras {a',a%} x (0,1)"2 C {a'} x (0,1)"!
n-morphism bimodule of ... bimodules | constructible and pointless for full flags
(n + 1)-morphism bimodule map map of pointless factorization algebras

We now give a brief explanation of the definition of pointless factorization algebras, where
pointless refers to the fact that they do not have the same pointed nature as ordinary (con-
structible) factorization algebras. Recall that ordinary factorization algebras are defined as
algebras for the co-operad open(X)®, which satisfy multiplicativity and the Weiss condition.
Here, open(X)® is the oc-operad produced from the ordinary poset open(X) of opens of X
and inclusions thereof. The pointed structure of ordinary factorization algebras arises from
the fact that () is an initial object of open(X), and hence also of open(X)®.

For the pointless version of constructible factorization algebras we work with a wide
subcategory open(X )mk € open(X) of marked opens and marked inclusions. Explicitly, we
declare the O-dimensional strata of X to be marked points, and define marked inclusions
to be inclusions which are bijective on marked points. For example, let X = (0,1) with a
0-dimensional strata (and hence also marked point) at % If % € U, for some open U C X,
the ordinary inclusion of the emptyset into U is not a marked inclusion because () contains
no marked points while U contains one. In other words, in this situation we do not get
the structure maps from which is what induces the unwanted pointed structure. This is
exactly tailored to satisfy[I]and [2]of the list of requirements The multiplicativity-condition
stays the same in this setting, while the Weiss condition needs to be made compatible with
the marked inclusions in a natural way.

Let us elaborate a bit more on the list of requirements As explained in [3] gluing and
pushing forward is necessary to be able to use constructible pointless factorization algebras
to construct the pointless higher Morita categories ALGEI(C). In particular, both properties
are crucial to define composition as well as to construct the symmetric monoidal structure on
ALGELI(C). Lastly, [4] follows from proving that constructible ordinary factorization algebras
restrict to constructible pointless factorization algebras. This in turn induces a symmetric
monoidal functor from ALGP'(C) to ALGP!(C) along which we can transfer the dualizability-
results of [GS18].

1.3. Part 1: Pointless factorization algebras. In this part we develop the theory
of pointless factorization algebras. In particular, we generalize the toolbox of techniques
for ordinary factorization algebras developed in [KSW24]| to the pointless setting. A main
motivation for writing the article [KSW24] joint with Claudia Scheimbauer and Tashi Walde
was to have a proof that constructible factorization algebras glue along an open cover which
would be generalizable to the pointless setting. This is for example used to equip the oco-
category of constructible factorization algebras with a symmetric monoidal structure, and is
also imperative for the construction of the pointless higher Morita categories in Part



1. INTRODUCTION 7

We stress that none of the results in this part are a formal consequence of those in
[KSW24] for ordinary factorization algebras. This is because [KSW24] proves everything
for open(X) and full subposets thereof, which open(X )k by design is not. Regardless, many
of the proofs directly translate, and for this we introduce the following notation.

Notation 1.2. To highlight which results are straightforward adaptations of results from
[KSW24] we will add an asterisk to the reference. For example, |7.7/ indicates that the
proposition is a straightforward adaptation, while no asterisk indicates that the result relies
on non-trivial modifications.

In the literature on factorization algebras it has long been claimed that they satisfy gluing
along open covers. We explain what we mean by this in a simple example in the setting of
factorization algebras. Fix a space X and let U and V' be an open cover of X. Let Fyy and Fy
be two factorization algebras defined on U and V, respectively, such that they agree on the
intersection U N V. That is, such that (Fu), ., = (Fv);,- By saying that factorization
algebras “glue” we mean that, from the above data, one can construct a factorization algebra
F on X which extends Fyr and Fy. For locally constant factorization algebras this was proven
in [Mat17], and for the constructible factorization algebras this is [KSW24] Theorem 6.1].
In this thesis we prove that this result also modifies to give a proof that constructible pointless
factorization algebras glue. Explicitly, we prove:

THEOREM A (Theorem [5.3). Let & be an open cover of a smooth conical maximally
marked manifold X. Then the map induced by restricting constructible pointless factorization
algebras

l,cstr . 1,cstr
Facty " (C) — lim  Fact}y C
X (©) (U eycu U, (€)
is an equivalence of oo-categories. In other words, FACTI(DE;SU(C) is a sheaf of co-categories.

We outline how this is proven and highlight the parts which required non-trivial modifica-
tions compared to the results of [KSW24] in Section[L.3.1|below. However, let us first explain
some consequences of the above result. Just like for constructible factorization algebras we
can use Theorem [A] to equip the co-category of constructible pointless factorization algebras
FACTI)’(LCStr with a symmetric monoidal structure.

THEOREM B (Proposition [5.11]). For every smooth conical maximally marked manifold
X with enough good marked disks, the functor

FACTR W FIN, — CAToo, Iy — FacTly” (1.4)
exhibits a monoid-object in (CATs, x). That is, a symmetric monoidal structure on the

oo-category FACT%I’CS“r of constructible pointless factorization algebras.

We also prove that constructible factorization algebras restrict to constructible pointless
factorization algebras. At the level of co-operads we have an inclusion

t: open(X)® . — open(X)® (1.5)

mrk

which induces a restriction functor ¢* between the corresponding oco-categories of algebras.
This restricts to the corresponding oo-subcategories of factorization algebras, respectively
pointless factorization algebras, and simply corresponds to forgetting some of the structure
maps. If we further restrict to the oo-subcategories of constructible (pointless) factorization
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algebras, the restriction functor ¢* respects the symmetric monoidal structure on FACTS™

from [KSW24, Corollary 6.8], respectively that on ]F‘ACTE’(I’CStr from Theorem

THEOREM C (Proposition[5.12)). Let C be a symmetric monoidal ®-presentable co-category.
Assume that X is a smooth conical manifold which is maximally marked, and let ¢ be the
map (|1.5)). Restriction along ¢ induces a symmetric monoidal functor

cstr pl,cstr

V" FACTS™ (C) — FacT™ (C)

where on the left hand side we forget about the marking of X and only remember the under-
lying smooth conical manifold.

Moreover, we establish a pointless analogue of [KSW24l Theorem 6.12] which was prompted
by a question of David Ayala. Roughly, the question translates to whether one can assemble
the data of a constructible pointless factorization algebra on a marked cone CZ from a con-

structible factorization algebra A on Z x (0,00) (thought of as an associative algebra [, A
pl,cstr
(0,00)

module for the associative algebra [, A)ﬂ See Section for more details.

in FAcT ) and a constructible pointless factorization algebra on [0,00) (thought of as a

THEOREM D (Theorem|5.16)). Let C® be a ®-presentable symmetric monoidal co-category.
Let Z be a compact smooth conical manifold with enough good disks, and let CZ be the
corresponding cone marked at the cone point. We have a pullback square of co-categories

pl,cstr pl,cstr

Factgy, ™ —— FACT, 4 o) A
bl 1 9
pl,cstr pl,cstr

FacT Oy — FacT Dy ;A

Here, the vertical maps are given by pushforward along the quotient map p: CZ — [0, c0),
while the horizontal functors are given by restriction to open subspaces.

As explained in [KSW24, Construction 6.16, Corollary 6.17 & Remark 6.18] one can
globalize the above result to inductively assemble a constructible pointless factorization alge-
bra on a smooth conical maximally marked from (morally speaking) algebras and modules in
locally constant factorization algebras on the individual strata.

Lastly, we highlight the constructibility-tools which required substantial effort to translate
to the setting of constructible pointless factorization algebras. First of all, we have the
pointless analogue of [KSW24|, Corollary 5.22] which states that checking the marked Weiss
cosheaf condition is equivalent to checking if a constructible copresheaf is a left Kan extension:

THEOREM E (Corollary [7.34]). Let X be a smooth conical maximally marked manifold,
B C disk(X )k a decomposable multiplicative disk-basis of X and 4l D B a presieve. Then
for every constructible copresheaf on 8 the left Kan extension to 4l is a marked Weiss cosheaf.

The key ingredient of the proof of Theorem [E]is a localization-result at the level of opens
and marked inclusions. In the setting of ordinary opens and inclusions it is shown in [KSW24]
that localizing a full subposet B of open(X) at all stratified isotopy equivalences Jy is equiva-
lent to the slice co-category Disks,x, where Disks C Mfld is the full co-subcategory spanned

4n the ordinary setting one instead gets a pointed module here, which is why the pointless version is in
fact the more natural version to consider.
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by those smooth conical manifolds which are disjoint unions of conical disks. Explicitly,
[KSW24, Theorem 5.10] says that for 8 C disk(X) a decomposable multiplicative disk-basis
of X the induced map
‘B[j‘gl] = Disks, x

is an equivalence. This is a generalization of [AFT17al, Proposition 2.22] which only considers
B = disk(X) and unstratified spaces, and also contains a gap. Moreover, at the same time
as [KSW24] was written Arakawa provided a full proof for B = disk(X) in the unstratified
setting in [Ara24l Theorem 2.24].

For the pointless version of factorization algebras we work with marked opens and inclu-
sions which are bijective on marked points. In this setting we first need to define marked
variants of the oo-categories of manifolds and disks, i.e. we define Disks™® Pl C MAqmrk Pl
in Section @ We also establish modifications of some key results from [AFT17a] which are
used in proving [KSW24| Theorem 5.10]. With this we prove the following result:

THEOREM F (Theorem|7.25)). Let X be a smooth conical maximally marked manifold and
let B C disk(X )k be a decomposable multiplicative disk-basis of X. Let V' € open (X)
be any object. Then the induced map

(BNV,) [(Fvary, ) '] = Disks™™bi (1.7)

is an equivalence of co-categories.

mrk

We explain the insight into why this version is sufficient to prove Theorem [E] and in turn
Theorem [A]in Remark[7.26] In Remark [7.32] we spell out which results of [KSW24] we do not
(yet) have for constructible pointless factorization algebras as a consequence of Theorem
being a different statement than that of [KSW24| Theorem 5.10].

1.3.1. Outline of the proof of Theorem[A] Let U/ be an open cover of a conically smooth
maximally marked manifold X, which moreover has enough good disks. Let 5 be an ordinal
and V,: f — U be a surjection, so we can write U = {U;};<. For any finite subset I C 3 we
set Ur == (;e; Ui- Let B = open (U),,, be as in Definition Explicitly, this is the full
subposet of open (X )k whose objects are all marked opens U € open (U;),,,, for some U; € U.
Additionally, let B’ := open_4(U)mik, where open_o(U)mrx = open (U) ., \ {0} as seen from
Definition In the special case of a single marked open U we have that open_ (Ur) . is
the full subposet of the non-empty marked opens of open (Ur),,,, (Definition |5.20)).
Consider the commuting diagram given in Equation . The three different columns
correspond to the three main steps in the proof of Theorem [A] and we now explain each in
some more detail.
Leftmost column: The leftmost column corresponds to results from Section where
most notably it is proven that the oo-operad B’ = open;,é@(lxl)fﬁrk is the colimit of the oo-
operads open;é@(UI)ﬁrk. This gives rise to an equivalence of the corresponding co-categories of
algebras (Corollary ) which moreover restricts to the full subcategories of multiplicative al-
gebras (see * and the surrounding text). Combining this result with Proposition one
also gets an equivalence between the corresponding oo-categories of multiplicative pointless
prefactorization algebras (see * and the surrounding text). Finally, this equivalence re-
stricts to an equivalence at the level of pointless factorization algebras and their constructible
counterpart (Proposition and Proposition )
Rightmost column: The rightmost column concerns extending pointless factorization
algebras from a factorizing basis as developed in Section [7.1.2] Since B, is a factorizing
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basis of X, we have an equivalence at the level of Weiss algebras (Proposition ) which
restricts to an equivalence between the corresponding categories of pointless factorization
algebras (Proposition [7.8). Furthermore, this equivalence also restricts to constructible
pointless factorization algebras (Proposition ) by using that constructibility is a local
condition (Theorem [7.20[").

Middle column: The middle column concerns going from pointless prefactorization al-
gebras defined on 5 to its disjoint union completion By, as recorded in Section The
main insight is that there is an equivalence at the level of multiplicative algebras (Propo-
sition [7.13%). However, just like in the ordinary setting of [KSW24]| it is not clear if this
equivalence restricts to an equivalence on pointless factorization algebras. This is indicated
by a dashed arrow in the above diagram, and we refer the reader to [KSW24| Question 4.1
& 4.25 and Remark 4.26] for some more details on why this is far from straightforward to
prove.

As a solution we further restrict to the corresponding categories of constructible pointless
factorization algebras, in which case we get an equivalence (Proposition [5.5). This proof
relies heavily on results from Section and Section [7.3] which are highlighted as Theorem [F]
and Theorem [E] here in the introduction. The upshot is that the marked Weiss condition is
automatic in this specific setting by leveraging constructibility.
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1.4. Part 2: The pointless higher Morita categories. In this part we construct
the pointless higher Morita categories ALG?LI(C), following Scheimbauer’s construction of
ALGPY(C) from [Schi4), [GS18]. This amounts to replacing the oo-category of constructible
factorization algebras by its pointless version. The motivation for constructing a third version
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of the higher Morita categories which enjoys certain good properties from both Scheimbauer’s
pointed version ALGP'Y(C) and Haugseng’s (also pointless) version is explained in detail in
Section

We briefly outline the construction of ALGPY(C) for n = 1 (following the pointed version
in [GS18, Appendix A]). One defines a suitable (ordinary) category of stratifications called
STRAT. From an object S € STRAT one extracts a (maximally) marked stratification of
(0,1), denoted A, (S). This simply corresponds to a finite number of marked points on (0, 1)
determined by S. In Section we establish item [3b] of the list of requirements ie.
that constructible pointless factorization algebras push forward along certain nice maps. As
a consequence we get that constructible pointless factorization algebras determines a functor
as in the diagram:

FACTpl,cstr
STRAT ;(_); CATs
,rl . (1.9)
pop - (e
We then define (Algﬁ’l). to be the left Kan extension of FACTRI::??), indicated by a dashed

arrow above, along the localization 7: STRAT — A°P.

Recall that Theorem [A] i.e. that constructible pointless factorization algebras glue along
open covers, corresponds to item of the list of requirements [1.1] Together with having
established it follows that the proof of [GS18, Theorem A.11] directly carries over to
the pointless setting.

THEOREM G (Corollary . The simplicial object in CAT, given by (Alglfl). from (|1.9))
satisfies the Segal condition. Thus, Algljf1 is a category object in CAT .

With this we define the pointless higher Morita category ALG?I(C ) as the underlying
(00, 2)-category of (Algll)l).. The general construction, i.e. for n > 1, is outlined in Section
and details will appear in [Sch]. The pointless higher Morita categories come with a symmetric

monoidal structure induced by that of FACTE(I’CStlr from Theorem Explicitly, we get the
pointless version of [GS18, Theorem A.15]:

THEOREM H (Theorem . The functor Alglfl’® satisfies the Segal condition in both
FIN, and A°P and thus determines a symmetric monoidal (0o, 2)-category.

From Theorem [C] we in particular get a symmetric monoidal functor

*, cstr pl,cstr
v FACTy(g) — FACT, gy

where A(S) has the same stratified points as Ay, (.S) but there are no marked points. This func-
tor together with the fact that the pointless higher Morita category ALG,Ifl (C) is constructed
exactly like the pointed version ALGIftd(C) by simply replacing FACT?;S(tfq) with FACTI:I’S?g) to

get ([1.9) gives rise to the theorem below for n = 1.

THEOREM I (Theorem [9.41)). Let C be a symmetric monoidal ®-presentable co-category.
We have a symmetric monoidal functor of (co,n + 1)-categories

o ALGPH(C) — ALGRY(C) (1.10)

where the former refers to the pointed higher Morita category of Scheimbauer.
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As a consequence of having such a symmetric monoidal functor between the two versions
of the higher Morita categories we can also transfer the dualizability-data of |[GS18] for
ALGP'(C) to the pointless higher Morita categories ALGP'(C).

THEOREM J (Corollary . Let C be a symmetric monoidal (oo, m)-category and let
C" be ®-presentable (see Definition . The symmetric monoidal (co,n + m)-category
ALGPY(C) is fully n-dualizable, i.e.
(1) every object of ALGP'(C) has a dual; and
(2) if 1 < k < n, any k-morphism in ALGP!(C) has both a left and a right adjoint.

In particular, this means that every object of ALGP!(C) is fully n-dualizable and hence
ensures item [4] of the list of requirements Having established n-dualizability we can now
turn towards (n-+1)-dualizability in ALGE!(C). Recall that itemof the list of requirements
is tailored to get rid of the pointed structure, which by [GS18| Theorem 5.1] is an obstruction
to interesting (n + 1)-dualizability in ALGP'(C). The result below was first conjectured in
[Lur09b, Remark 4.1.27] for Lurie’s sketch of the higher Morita categories, where it is claimed
to follow from the proof of the cobordism hypothesis. We rephrase it here for ALGP(C).

CONJECTURE-THEOREM (Conjecture-Theorem ). Let C be a symmetric monoidal
®@-presentable co-category. Let R denote an object of ALGP(C) and R the corresponding
E,-algebra. The object R is (n + 1)-dualizable in ALGPY(C) if, and only if, it is dualizable
over the factorization homologies

/ R (1.11)
Sk—1xRn—k+1

For n =1 this is proven by Lurie, while the case n = 2 and C = Pr is proven by Brochier,
Jordan and Snyder in [BJS21]. In Section we give a partial proof of this for n = 2.

for k=0,1,...,n.

1.5. Part 3: Factorization homology and enriched skein categories. This part
highlights some of the results in [KKMP], a joint article with Corina Keller, Lukas Miiller
and Jan Pulmann. We define an enriched version of skein categories and prove that they
compute factorization homology of surfaces and values in V-Cat, where V is a suitable en-
riching category. This generalizes a result of Cooke which proves the analogous statement for
ordinary, i.e. VECTg-enriched, skein categories in [C0023].

Let us first give the precise setting we are in for this part. We consider oriented 2-
dimensional manifolds, i.e. oriented surfaces, and work with the target category V-Cat, for
V a complete and cocomplete symmetric monoidal closed category. Let A be a V-enriched
ribbon category, hence in particular a framed Es-category in V-Cat. In this situation the
diagram defining factorization homology as a left Kan extension reduces to

Disksg"® %? V-Cat
Lj ) /’//f/, A
MAd"®

Factorization homology is characterized by three properties [AF15, [AFT17al which in our
setting becomes the following. By virtue of being a left Kan extension it follows that eval-
uating at an oriented disk D gives back A, i.e. [, A ~ A. Given an oriented 1-manifold
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C the factorization homology of C' x (0,1) comes with a canonical framed E;-structure, i.e.
in our setting a monoidal product, induced by including intervals inside a larger interval.
From oriented surfaces M with collared boundaries one gets induced module structures on
the factorization homology of M. If one has a collar-gluing of an oriented manifold, i.e.
roughly a decomposition 3 = M Ugy (o,1) IV, it then follows that Jos A, respectively [, A are
right, respectively left fo (0,1) A-modules. With this we can state the excision-property of
factorization homology, which says that in the above situation we have an equivalence

/./42 A ® /.A (1.12)
5 M JoxonAJIN

The relative tensor product is given by the two-sided bar construction.

We now briefly explain how enriched skein categories are defined. The enriched skein
category Sk 4(X) associated to an oriented surface ¥ has as objects finite sets of pairwise
disjoint, framed and oriented .A-colored points in 3. The ordinary version of skein categories,
i.e. corresponding to V = VECT|, has as morphisms k-linear combinations of so-called A-
colored ribbon tangles in 3 x [0, 1], up to identifying two such colored ribbon tangles if they
are equal outside a cube and if their evaluation on the cube are equal. In some more detail this
evaluation is given by the Reshetikin-Turaev functor which evaluates ribbon graphs in a cube
to morphisms in A. For general V we replace this vector space of A-colored ribbon tangles
by a suitable V-object of all possible A-colored ribbon tangles between two fixed objects.
With this we can prove the theorem below (appearing in [KKMP]| as Theorem 4.22) which
generalizes [C0023, Theorem 1.22].

THEOREM K (Theorem [13.2). Let C be a 1-manifold with a thickened right embedding
into the boundary of M and a thickened left embedding into the boundary of N. Then we
have an induced V-functor

Sk (M) X Sk (N) — Sk4(M U N) (1.13)
Sk (Cx[0,1]) Cx[0,1]

which is an equivalence of V-categories.

In the VECT-enriched setting of [Co023| the excision-proof passes through the Tambara
relative tensor product [TamO1]. Our proof is an adaptation of this to the enriched setting,
and as such the left hand side of is given by the V-enriched Tambara relative tensor
product. This is defined in [KKMP], where we also prove that it agrees with the two-sided
bar construction which is what is used to write down excision of factorization homology, i.e.
here. As a consequence of Theorem [K|and the equivalence of the V-enriched Tambara
tensor product with the two-sided bar construction we get the following result ([KKMP,
Theorem 4.14]).

THEOREM L (Theorem|13.1)). Let A be a V-enriched ribbon category, where V is a cocom-
plete and symmetric monoidal closed category. Then the enriched skein category computes
factorization homology. Explicitly,

Sk4(X) & / A e V-Cat .
P

We now expand on the motivation for developing enriched skein categories and proving
that it computes factorization homology in V-Cat in [KKMP]. One main motivation of
[KKMP] is to make the following idea more precise (in the underived setting). Heuristically,
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one can use factorization homology with values in some suitable object encoding local clas-
sical observables of a classical (topological) field theory to obtain the global observables of a
spacetime X, i.e.

Obs? (%) = / Obsil. .
%

It would then be natural to expect that given a suitable deformation quantization Obs{’0 . of
the local classical observables one can define the global quantum observables as

Obs?(X) %/Obsiloc .
b

To make this precise [KIKKMP] first defines suitable categories of (almost) Poisson structures
(for the local classical observables) and so-called Beilinson-Drinfeld structures (for the local
quantum observables). With this at hand one establishes additivity-results for both categories
and prove that factorization homology commutes with taking classical limits. We refer the
interested reader to [KKMP)] for details on this.

One example of classical observables behaving as outlined above is the moduli stack
of G-local systems, for G a reductive group. As in Dijkgraaf—~Witten theory, the classical
local observables are then encoded by the representation category Rep(G). One deformation
quantization of Rep(() is given by the representation category Rep,(G) of the quantum
group Uyg. In [BZBJ18al, BZBJ18b| Ben-Zvi, Brochier and Jordan compute factorization
homology with coefficients in Rep,(G).

Another alternative deformation quantization of Rep(G) is given by the Drinfeld category
Ug-Mod®[[1]] [Dri89al, Dri89b]. In [KKMP] we show that factorization homology for
the Drinfeld category recovers the quantization constructed by Li-Bland and Severa from
[LBS15]. Moreover, from the formalism in [KKMP] one can directly conclude from the
equivalence of ribbon categories between Ug- Mod®|[[A]] and Rep;,(G) that the corresponding
quantizations are also equivalent. To be able to show that one recovers known quantizations
of the moduli space of flat G-bundles we have to explicitly compute factorization homology
in the (2, 1)-category of categories enriched over complete C[[%]]-modules. For these kind of

computations we use Theorem |L{ for V = C[[h]]- Mod.






Part 1

Pointless factorization algebras

ATTRIBUTION. This part is a modification of the article [KSW24] joint with Claudia Sche-
imbauer and Tashi Walde. The main motivation for writing this article in the first place was
to have a proof that constructible factorization algebras glue modifiable to the setting in this
thesis. In particular, I was in parallel modifying the setup and proofs, and we came up with
proof strategies which are adaptable. To single out some main contributions to the article
[KSW24]: I was centrally involved in finding the proofs in Section 4 and Section 5.1. Section
4 is the toolbox for gluing techniques for ordinary (not necessarily constructible) factoriza-
tion algebras. Section 5.1 is the statement that locally constructible factorization algebras
are constructible. Of course I also contributed to the remaining sections and writing.

In this part of the thesis we define a version of factorization algebras called pointless
factorization algebras, and extend the results of [KSW24] to this setting by mostly using the
same proof-techniques. To emphasize where adaptations were necessary we use Notation [1.2)
throughout.

ASSUMPTION. In this part of the thesis we fix

e a topological space X which we always assume to be Hausdorff;
e a ®-presentable symmetric monoidal co-category (C,®).



2. Marked opens and pointless prefactorization algebras

In Section we first define what a marked space is, as well as what the corresponding
notion of inclusion should be. Using this we define the category of marked opens, open(X )k,
and through examples and warnings we give the reader some intuition on how this differs from
the usual category open(X) of opens and inclusions. Then, in Section we turn the category
of marked opens into an co-operad, open(X )irk, and define algebras over this oco-operad to
be pointless factorization algebras. We highlight how this differs from the usual notion of

prefactorization algebras through a list of examples.

2.1. The category of marked opens. In this subsection we properly introduce and
define the variant of open(X) we will work with. We first equip our space X with a finite
set of “marked points”. Taking the marked points into account, we work with marked opens
and marked inclusions, which assembles into a wide subcategory of open(X). For a thorough
explanation of why we want to work with this variant we refer the reader to the motivation
in Section [I.2]

Definition 2.1. We define a marked space (X, X™¥) to be a Hausdorff space X, together
with a finite subset X™¥ of points, which we call marked points. For any open subset U C X,
the open U inherits a marked structure from that of X by U™¥ := Un X™¥, In this situation
we say that (U, U™X) is a marked open of (X, X™)

Notation 2.2. We often abuse notation and omit the finite set of marked points unless
explicitly needed. That is, we simply say that X is a marked space, and U is a marked open
of X.

Definition 2.3. Let (X, X™%) be a marked space. We define open(X )y to be the poset of
marked opens of X with partial order given by inclusions U — V of opens that are bijective
on marked points, i.e. such that mo(UNX™*) = 7o(V N X™k). We call such inclusions marked
inclusions and denote them by U —™ V.

Observe that open(X )i is a wide subcategory of open(X); it has the same objects, but
fewer morphisms.

Example 2.4. Whenever X™¥* = () we say that X is equipped with the trivial marked
structure or is unmarked. In this situation the condition making an inclusion marked is
vacuous and it follows that open(X )k = open(X).

Remark 2.5. Recall that in open(X) the empty set () includes into any other open, and is
hence an initial object in open(X). However, in open(X )k this is no longer true; we have
) —™ U only if U contains no marked points. In fact, the poset open(X )y, is tailored to
have exactly this feature.

Remark 2.6. Inclusions that are bijective on marked points are also used other places; see
e.g. [BZBJ18D, §2.2] in the setting of (category-valued) factorization homology for surfaces
with marked points.

As the notion of marked inclusions is unusual, let us consider an easy example.

Example 2.7. Let X = R with either one or two marked points as illustrated in Figure
Observe that on the left side below, where X has two marked points, none of the depicted
objects U, V, W € open(X ),k has marked inclusions into each other, nor into X. Conversely,

on the right hand side we have marked inclusions U<—m X and W —™ X,
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FIGURE 1. Some marked opens on R with two different choices of marking.

We now highlight some of the features of open(X )k which differs from that of open(X).
First of all, let us make the following observation for the latter.

Observation 2.8. In the setting of open(X) objects and morphisms are on an equal footing.
That is, to understand objects of open(X) one can equivalently examine morphisms into X,
i.e. objects of open(X)/X. This is reflected in the fact that for any open subset U C X we

have an equality open(X),; = open (U).

The above seems like a pretty trivial observation, however, it also turns out to be the key
difference between open(X) and open(X)y,,x. We highlight this in the following warning.

Warning 2.9. Let V C X be a marked open with at least one marked point. Then it is not
true that open (V') . coincides with open(X)mk VS the former has all open subsets of V as
objects, while the latter only contains those open subsets with a marked inclusion into V.

Example 2.10. Consider X = R together two marked points as illustrated in the left hand
side of Figure Note that all of the open subsets U, V, W are objects of open(X ), k. However,
since none of them have a marked inclusion into X none of them are objects in open(X )k /X

In a similar way we also have that marked inclusions behave differently from ordinary
inclusions when it comes to intersections.

Warning 2.11. Marked inclusions are not compatible with intersections in general. Consider
again the marked opens from Figure[l] For example, we see that V N W contains no marked
points and hence has neither a marked inclusion into V' nor W.

However, if we work relative to a third marked open we do have such intersections; e.g.
since U <™ X and W —™ X it follows that UNW —™ U and U N W <™ W,

The last part of the warning gives a good clue about how one nevertheless can trans-
late many arguments regarding ordinary opens to the marked setting. We explain this in
more detail in Section and in particular Remark after having introduced some more
terminology.

2.2. Pointless prefactorization algebras. We first explain how to obtain an co-operad
from the ordinary category open(X)myk, or any full subposet thereof. Then we give the
definition of a pointless prefactorization algebra, as well as some key examples to highlight
the impact of working with open(X ).

Recall from Definition [2.3|that open(X ),k C open(X) is the wide subcategory of (marked)
opens and marked inclusions. We also want to have the flexibility of working with a smaller
selection of marked opens than all of open(X ) k. To that end we have the following defini-
tion:

Definition 2.12. A full subposet 4 C open(X )k is called a poset of marked opens (of X).
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We turn this into an oco-operad in two steps. For the reader unfamiliar with colored
operads and oco-operads we refer them to the recollection in Appendix

Construction 2.13. Let {4 C open(X ),k be a poset of marked opens. It is a colored operad
(in SET) by defining colors to be all marked opens U € 4. The set of multimorphisms is
defined to be

* ifUiﬁUi/:@Vi i'and )., U; My
Muly({U; }ier, V) = { # Wier

0 else .

In words, it is the singleton set if all the U;’s are pairwise disjoint and their disjoint union come
with a marked inclusion into V; else it is the empty set. The composition maps arise from the
composition of marked inclusions and the collection of identity morphisms are exactly given
by the identity inclusions.

We use [Lurl7, Construction 2.1.1.7] to turn the above colored operad into an co-operad.
For this, recall that FIN, is the category of finite pointed sets and point-preserving maps.

Construction 2.14. Let i be a poset of marked opens. The oco-operad 4% has as objects
pairs (I, (U;)), where Iy € FIN, and (U;) is an I-indexed list of marked opens U; € 4. A
morphism f: (I1, (U;)) — (J4+,(V})) is a morphism f: I — J4 in FIN, such that for each
j € J the tuple (U; | i € f71(J)) is a collection of pairwise disjoint opens together with a
marked inclusion ;¢ p-1;y Ui =™ Vj.

Example 2.15. To make this more clear, we give one example and non-example of a mor-
phism in open(X )fﬁrk. Let a: 24 — 14 be the unique active map and let the marked opens
{Ui}ticq1,2,347 and {Vj}jeq12y be as in Figure We have a morphism (2, (U, Us)) >
(14, (V1)) in open(X)® | because the inclusion Uy LIUs <™ V; is bijective on marked points,
hence a marked inclusion. However, there is no map (24, (Us,Us)) = (1, (Va)) since the
inclusion Us LI Uy < V3 is not bijective on marked points.

(A) An example of a morphism in open(X)% (B) A non-example of a morphism over « since

over the unique active morphism a: 24 — 14. the inclusion is not bijective on marked points.

FIGURE 2

Remark 2.16. For { any poset of marked opens the co-operad U® is actually an ordinary
category fibered over FIN,, and we will not be explicit about when we apply the nerve functor
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to obtain an honest co-operad unless it is non-trivial to combine it with the arguments needed.
In more detail, we are only explicit about this in Section where we compute colimits of
these types of co-operads, since taking the nerve does not commute with colimits in general.

We can now give the definition of pointless prefactorization algebras. Recall that we fix C
to be an ®-presentable symmetric monoidal co-category (as in Definition in this part
of the thesis. In particular, C® has the structure of an oo-operad, see Definition which
is what we use in the below definition.

Definition 2.17. Let (X, X™%) be a marked space, and let {4 C open(X )k be a poset of
marked opens. A pointless prefactorization algebra on i (with values in C) is a morphism of
oo-operads

A: 4% — C%,
Equivalently, we say that A is a pointless U-prefactorization algebra. The oo-category of
pointless U-prefactorization algebras is Algy = Algy(C), where we often omit the target
category since it is fixed throughout.

Notation 2.18. Whenever X™™* = () above we get back the usual definition of a prefactor-
ization algebra. In this setting we often say ordinary prefactorization algebras to make the
distinction between this and the pointless version more explicit.

We now give some basic examples which highlights how pointless prefactorization algebras
differ from ordinary ones.

Example 2.19. Let X be a trivially marked space, i.e. X™* = (). Since open(X )y =
open(X) in this case we get that the notions of ordinary and pointless prefactorization algebras
coincide. This is also true if we work with any full subposet &l. In this sense ordinary
prefactorization algebras trivially provides examples of pointless prefactorization algebras.

Example 2.20. One instance of the above is for X = R, 4l the poset of nonempty open inter-
vals and C = VECT. Then any associative unital algebra A determines a i-prefactorization
algebra A. In particular, the inclusion () < U for any U € {l is assigned the map k — A
induced by the unit. See for example [KSW24| Example 3.5] for details.

There is also a second way to produce pointless prefactorization algebras from ordinary
ones, namely by forgetting part of the structure.

Construction 2.21. Any ordinary prefactorization algebra is an example of a pointless
prefactorization algebra. More explicitly, let (X, X™¥) be a marked space. We have an
inclusion of posets

tx : open(X )k — open(X)
which induces an inclusion of the corresponding oo-operads. By restricting algebras along ¢x
we get an induced functor

L;{: Algopen(X) (C) - Algopen(X)mrk (C) (2'1)

corresponding to forgetting the structure maps which do not come from marked inclusions.
We stress that the functor ¢ is not fully faithful in general because ¢x is not fully faithful.
This is a consequence of the morphisms being different in the two posets.

The following is an example of an ordinary prefactorization algebra which restricts to a
pointless prefactorization algebra:
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Example 2.22 (The trivial factorization algebra). Let (X, X™™) be any marked space. The
trivial pointless prefactorization algebra (on X) is given by

ATV open (X)® . — C, (I, (U)) — (I, (1¢))

mrk

We finish the subsection by giving the main example which perfectly showcases the dif-
ference arising from working with pointless prefactorization algebras.

Example 2.23. Let X = R be marked at the origin, i.e. X™* = {0}. Let U be the poset
of nonempty marked intervals and set C = VECT. Let A and B denote two associative,
unital algebras, while M is an (A, B)-bimodule. From this we can define a pointless -
prefactorization algebra M by

A, ifUC (—0,0),
MU)=M, if0eUl,
B, ifU C (0,+c0).

If one instead would have considered X = R without any marked points one needs to
ask for M to be pointed, i.e. to come with an specified object m € M. This is because in
that setting the inclusion () — U for 0 € U requires an additional structure map k — M
corresponding to this pointing. See [KSW24|, Example 3.7] for explicit details of this.

Remark 2.24 (Pointed versus pointless). The above example and its generalizations is the
reason we call our version for pointless prefactorization algebras. In the ordinary setting the
inclusion () < U of the empty set into any open induces a pointed structure; for Example
this corresponded to starting with a unital algebra A, while in Example[2.23]this corresponded
to a pointed bimodule M. Hence, one can argue that ordinary factorization algebras should
be called pointed factorization algebras.

Since we are unable to retroactively change the literature we instead call this new version
for pointless prefactorization algebras to emphasize that we are (partially) getting rid of this
pointed feature. The importance of this will become apparent in the context of higher Morita
categories. See Part [2] and in particular Section [9] and Section [10] for more details.
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3. Background on marked Weiss covers and cosheaves

In this section we modify definitions and notation from [KSW24l §2] to the marked set-
ting. That is, in Section we recall different ways to think about subsets or subposets
of open(X)mrk, and constructions related to this, as well as define locality and descent for
copresheaves. Section contains the definition of marked Weiss covers, marked Weiss
cosheaves and their hyper-versions. Lastly, in Section we define multiplicative and factor-
izing bases, and explain why these are particularly useful. Note in particular that all of the
setup and results of [KSW24., §2] carry over to the marked setting, and we explain the key
insight behind this in Remark

3.1. Background on marked (hyper)covers, co(pre)sheaves and descent. In this
section we recall how one can think about collections of marked opens of X in different ways;
namely either as subsets or as subposets inheriting the poset-structure of open(X )k as in
[KSW24| §2.1 & 2.2]. We also introduce marked (hyper)refinements which are maps between
such collections of marked opens. Lastly, we define copresheaves on posets of marked opens
and explain how it can be evaluated on the above mentioned notions, as well as what it means
for a copresheaf to satisfy descent phrased using the notion of locality.

Before giving full definitions we summarize the conventions used:

e “(Pre)covers” and “marked (pre)covers” refer to certain subsets of open(X )y, x; they
are denoted by mathcal-letters like U/, V, W.

e “Marked hyper(pre)covers” and “(pre)sieves” refer to full subposets of open(X)pyk;
they are denoted by mathfrak-letters like 98, [, 20.

We now turn to precise definitions.

Definition 3.1.

e A set U C open(X )y, of open marked subsets of X is called a precover (of X ).

o Let V.U C open(X)mk be two precovers of X. We say that we have a marked
refinement V —™ U if for every V € V there exists an U € U such that V' —™ U.
Furthermore, marked refinements compose.

e If U/ is a precover such that we have a marked refinement 4 —™ {V'}, where the
target is a singleton, we call U for a marked precover of V.

e We say that a marked precover U —™ {V'} is a marked cover of V if U = V.

Notation 3.2. In the above we reserve adding “marked” to the instances involving the
marked inclusions. For example, we call a set U C open(X )y of open (marked) subsets of
X for a precover (of X) because nothing in that definition ‘sees’ the marked structure. More
explicitly, since open(X )y, C open(X) is a wide subcategory giving a set of objects in either
is equivalent, and we could equally well have asked for & C open(X) to define a precover (of
X).

Notation 3.3. If we consider a trivially marked space X and hence have that marked inclu-
sions are exactly the usual inclusions, we drop “marked” from the above notation and talk
about e.g. “precovers (of V')”, “refinements” and “covers”.

Remark 3.4. Note that a precover and a marked precover (of some marked open V') in
general contain very different types of opens. If we have a marked refinement &/ —™ {V'},
where V' contains marked points, then every U € U must contain the exact same marked
points. In contrast, the opens of a precover can all have varying numbers of marked points.
In this section we will mostly work with marked precovers of a fixed open.
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In fact, the above remark ties into why all of the setup of [KSW24l §2] carries over to
the marked setting. We make this a bit more explicit.

Remark 3.5 (Marked inclusions are well-behaved for marked (pre)covers). All results of
[KSW24, §2] that involve (pre)covers of a fixed open carry over to the marked setting for
the following reason: Fix some V' € open(X )k, and some marked precover U —™ {V'}
of V. Since every open U € U come with a marked inclusion U —™ V we have that all
inclusions U — U’, for U,U’ € U automatically are marked inclusions. Thus, because the
marked refinement places a restriction on the opens appearing in U we, within this subset,
have the same morphisms as those of open(X). Explicitly, this means that the opens of U
behave nicely with respect to e.g. intersections, i.e. we automatically have U N U’ —™ U and
UNU’' <My’ This is in general not true, see for example Warning [2.11

In summary, by choosing marked precovers of V' to mean a subset with a marked refine-
ment into V' one automatically does not see the distinction between ordinary and marked
inclusions for the opens of U/, which is very advantageous.

Recall from Definition that a poset of marked opens U is a full subposet U C
open(X )mrk-
Definition 3.6. Let { be a poset of marked opens. We say that it is
e a presieve if it is closed under intersections, i.e. if U, U’ € 4l it implies that UNU’ € 4.
e a sieve if it is downward closed with respect to marked inclusions, i.e. if U € 4 and
U' =2 U imply U’ € 4.
Remark 3.7. In [KSW24] the theory is set up using full subposets of open(X). Since
open(X )k is not a full subposet of open(X), the results in this part of the thesis are not
a formal consequence. However, for example the results of this section are all a straightfor-

ward modification of the analogous results for open(X) (once one has figured out the correct
modifications to the definitions).

We can relate marked precovers and posets of marked opens by the following constructions

Construction 3.8.
e Every poset of marked opens 4 has an underlying precover 4° obtained by forgetting
the poset structure. [J
e For every marked precover V —™ {U} we have the associated presieve

Va={Vin---NV,|n>1V, eV}
obtained by adding all finite intersections. Since all V; € V by definition come with

a marked inclusion into U, so do all of the finite intersections.
e For any marked precover V —™ {U} we also get an associated sieve

V) ={V'copen(X)mx | IV €V : V' =0V}
obtained by closing it downward with respect to marked inclusions.

We use the same notation for adding all intersections to a poset of marked opens il,
respectively closing it downward with respect to marked inclusions.

Note that the sieve associated to a singleton precover {V} is exactly the slice category
open(X)mrk sv which, as explained in Warning is not equivalent to open (V)

mrk-

5however, forgetting the poset structure of a poset of marked opens does not in general give a marked
precover of some fixed open.
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Definition 3.9. Let 4 C open(X )k be a poset of marked opens. A (C-valued) copresheaf
on i is a functor A: U — C. If 4 = open(X )y, we say that A is a copresheaf on X.

Precovers and marked refinements define a category, exactly like how precovers and re-
finements do in the ordinary (i.e. unmarked) setting. From a copresheaf on 4 one left Kan
extends along the inclusion of open(X ),k into this category to understand how to evaluate a
copresheaf on precovers and marked refinements. See [KSW24| Construction 2.6] for details.
Explicitly, the value of a copresheaf A: 1{ — C on a precover V is given by the colimit

AP (V) = colim A‘lem' (3.1)
We also want to have access to the following more general notion.

Definition 3.10. A marked hyperprecover of X is a full subposet {4 C open(X)pk. Given
two marked hyperprecovers 4,20 we say that we have a marked hyperrefinement 4 —* 20 if,
for each U € 4, the poset Wy, = {W € W [ U —™ W} is weakly contractible.

Remark 3.11. Note that despite posets of marked opens and hyperprecovers both being
full subposets of open(X )k we think of them very differently. The first is the domain of
definition of a copresheaf A, while the latter is something A can be evaluated on (see (3.2))

and (3.3)) below).

Definition 3.12.
e We say that 20 is a marked hyperprecover of U if we have a marked hyperrefinement
0 —" {U} of the singleton U. This corresponds to having a marked refinement
27° —™ {U}, or equivalently that 20° is a marked precover of U.
e Given a marked hyperprecover 20 —* {U}, we say that it is a marked hypercover of
U if, for each finite list W1, ..., W,, € 2, the marked precover

{Wew* | WTwin---NnW,}—"{Wn---NnW,}

is a marked cover. The intersection is here taken in U, so the n = 0 condition
corresponds to 20° —™ {U} being a marked cover. Since we started with a marked
hyperprecover 2J we know that all opens contain the same marked points, and hence
so does finite intersections thereof, so this is indeed well-defined.

To evaluate a copresheaf on a marked hyperprecover we give a pointwise formula. E]
Explicitly, let A: 81 — C be a copresheaf. For every marked hypercover 20 C il we define the
evaluation of A on 20 to be

AP = A™PY () = colim A(W). (3.2)

U Wew
Since this definition does not depend on the poset of marked opens i we can omit it from
the notation.

Similarly, we can also evaluate copresheaf on marked hyperrefinements. Let A be as
above and let 20,0 C U be two hyperprecovers with a marked hyperrefinement 20 —* 0.
The evaluation of A on this marked hyperrefinement is defined to be the composite

colim A(W) < colim A(W) = colim colim A(W) — colim A(V), (3.3)
Wew {(WemV} Ves (Wemv} Veu
6The previous trick with left Kan extending used to obtain (3.1) does not work here because marked

hyperprecovers and marked refinements do not assemble into a category. See [KSW24 Warning 2.12] and
[KSW24, Remark 2.13] for some more details on this.
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where W and V range over 20 and ‘U, respectively. The equivalence of the leftmost arrow
above comes from colimit cofinality of the forgetful map {W <™ V} — W. It is colimit
cofinal precisely because we have the marked hyperrefinement 20 —* 0.

Remark 3.13. By a marked analogue of [KSW24, Lemma 2.17] we get that evaluating a
copresheaf A: {1 — C on a marked precover W is independent of the ambient poset of marked
opens i as long as Wn C 4. In this setting we omit 4 from the notation and simply write

ATPE(W) = AP, (W),

One important notion for us is when the value of a copresheaf A is computed by its
evaluation on certain marked covers. For this we first introduce the following convenient
notation:

Definition 3.14. Let U be a poset of marked opens and A: 4 — C be a copresheaf.

o Let W —™ V be a marked refinement with W,V C 4. We say that the marked
refinement is A-local if the induced map A™¢| (W) — A" (V) is an equivalence
in C.

e Similarly, a marked hyperrefinement 20 —{" U with 20,20 C 4l is called A-local if
the induced map A™"¢(20) — A™hP¢() is an equivalence.

Remark 3.15. Usually one says that a copresheaf A satisfies descent with respect to a cover
VYV — {U} if that cover is A-local, and analogously for precovers and hyper(pre)covers. We
adopt this lingo also in the marked setting.

3.2. Marked Weiss cosheaves and hypercosheaves. There are several ways to equip
open(X) with a topology, and in turn also several analogous topologies for open(X ) k. Here
we explain the covers relevant for pointless factorization algebras, namely marked Weiss cov-
ers, and their corresponding cosheaves. This is a straightforward adaptation of the Weiss
covers used to define factorization algebras. The reader unfamiliar with Grothendieck topolo-
gies can find more details in Appendix [A.7] We also define the analogous notion of marked
Weiss hypercovers and marked Weiss hypercosheaves, this is a useful tool e.g. in Section

Let us start by recalling the definition of an ordinary Weiss cover as well as giving the
marked version:

Definition 3.16.
e An ordinary cover W of U is called a Weiss cover if, for each finite subset S C U,
there exists a W € W such that S C W.
o A marked Weiss cover W of U is a marked cover (Definition which is also a

Weiss cover.
We now give the simplest example of a marked Weiss cover, namely:

Example 3.17. We say that a marked cover W —™ {U} is degenerate if U € VW. Degenerate
marked covers are always marked Weiss covers.

Note that Weiss covers typically contain infinitely many elementsﬂ There are two standard
ways of producing interesting (ordinary) Weiss covers, and they translate to the marked
setting.

"For example for a manifold we can always find a finite set not contained in some finite collection of proper
open subsets. Hence, a Weiss cover needs to have infinitely many elements in this case.
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Example 3.18. Let (U, U™¥) be a marked open of X. Let K be a choice of an infinite set of
pairwise disjoint closed subsets of U\ U™¥, Then Wy == {X \ K | K € K} is a marked Weiss
cover of X. For example, K := {{u} | u € U\ U™} could just be the set of all singletons of
U which are not marked.

Observe that e.g. for the concrete example of K it is crucial to not choose u € U™X;
otherwise we do not obtain a marked cover of U. The second standard approach to explicitly
produce a marked Weiss cover is:

Example 3.19. Let B be a basis for the topology of X. Fix a marked open U of X. For
any finite subset S C U we set S = S U U™k, Since X is Hausdorff and B is a basis we can
choose pairwise disjoint opens By € B (for s € §) with s € B; C U for each finite S. We set
Bng:: \Useg Bs- By construction, the set W := {Bg | § C U finite} is a marked Weiss cover
o

The usual construction would be to use S directly, instead of adding the marked points
and working with S. However, this extra step is needed to ensure that all the opens Bz of
the cover have marked inclusions into U.

Notation 3.20. Let i be a poset of marked opens. We say that a marked precover YW —™
{U} or a marked hyperprecover 20 —* {U} is in L if all the involved open sets are contained
in 4. That is, f WU {U} C U° or WU {U} C YU, respectively.

We are now ready for the key definition of this subsection, namely

Definition 3.21. Let 4 be a poset of marked opens and A a copresheaf defined on . We
say that A is a marked Weiss cosheaf on $L if every marked Weiss cover W —™ {U} in 4 is
A-local, i.e. if we have an equivalence

AP (W) = colim A‘W‘Wim = AU). (3.4)
We denote the full co-category of marked Weiss cosheaves on i by
coShvV (4, C) € Fun(sL, C).

mrk

If the space X has no marked points, the above exactly reduces to the usual notion of
a Weiss cosheaf. It will be convenient to also work with hyper-analogues of marked Weiss
covers and cosheaves.

Definition 3.22. A marked hyperprecover 20 —' {U} is called a marked Weiss hypercover
if the marked precover 20° —™ {U} is a marked Weiss cover and for each W € 20~ we have
a marked Weiss cover (0N W, )° —™ {W}. ﬂ

Definition 3.23. Let i be a poset of marked opens, and A be a copresheaf defined on . We
say that A is a marked Weiss hypercosheaf on U if every marked Weiss hypercover 20 —* {U'}
in 4 is A-local, i.e. if
A™hPe(9) = colim A(W) = A(U).
WeQ

We denote the full co-category of marked Weiss hypercosheaves on 41 by
coHShvV, (4,C) C Fun(,C).

mrk

8The definition we give here is a simplified version of [KSW24, Definition 2.37] which is a coinductive
definition. The definition here implies that the second condition of the coinductive definition holds, c.f.
[KSW24, Remark 2.38], and is what one actually checks in practice.
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Definition 3.24. We say that a marked Weiss hypercover 20 —* {U} is a marked Weiss
presieve if W = Wn, i.e. W is closed under intersections.

The following observation is convenient for certain computations as its allows the flexibility
of working with marked Weiss presieves instead of marked Weiss covers.

Remark 3.25. Let U be a presieve, and let A be a copresheaf defined on . As explained
in Remark we know that the copresheaf A evaluates the same on a marked Weiss cover
W —™ {U} as on the marked Weiss hypercover W~ —* {U}. Hence, we can relate the two
notions. For A to be a marked Weiss hypercosheaf we require all marked Weiss hypercovers
to be A-local, while for A to be a marked Weiss cosheaf only requires A-locality for marked
Weiss presieves. It follows that we have a fully faithful inclusion

coHShvWV, (8, C) C coShvw, (8, C).

mrk mrk

If 8 is not assumed to be a presieve the above is not true, c.f. [KSW24 Warning 2.44].

3.3. Multiplicative and factorizing bases. In this subsection we introduce different
types of bases; namely multiplicative and factorizing ones. The notion of factorizing basis
comes from |[CG17, §7 Definition 2.1.1], and they are particularly advantageous because of
the way they interact with (marked) Weiss covers. This is leveraged when extending pointless
factorization algebras in Section

We split the main definitions into three steps.

Definition 3.26. Let 4 be a poset of marked opens. A basis of U is a subposet B C 4 such
that B is a basis for the topology of [J4l, i.e. for each z € V' € 4| there is a B € B with
re BCV.

Building upon this, we have the two notions of bases we often work with:

Definition 3.27. Let 4 be a poset of marked opens.

o A multiplicative basis of 3 is a subposet B C U such that B is a basis of U, and
B is closed under disjoint unions subordinate to i, i.e. for each B, B’ € B with
BB €l we have that BU B’ € B.

e Moreover, we say that B is a factorizing basis if it is also closed under intersections,
i.e. for each B, B’ € 8 we have that BN B’ € 8.

The only modification compared to the unmarked setting is that in the definition of a
multiplicative basis we take disjoint unions subordinate to 4l in the sense of marked inclusions.

Example 3.28. Let i be the poset of marked opens consisting of all finite disjoint unions
of marked disksﬂ in X. This is an example of a multiplicative basis. However, it is not an
example of a factorizing basis since the intersection of two disks might not be a disk again.

We now recall an important construction as well as a definition related to adding respec-
tively decomposing disjoint unions.

Construction 3.29. Let 4 be a poset of marked opens. We denote by
Uy ={Uh V... uU, | neNU,...,U, € U pairwise disjoint}

the completion of { under disjoint unions. This also adds the empty set since it is the disjoint
union of the empty list.

9.e. disks embedded in X together with their inherited (possibly trivial) marking.
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Definition 3.30. We say that a poset of marked opens 4l is decomposable if for any open
UWU € U with U # () # U’ it follows that U € U and U’ € 4.

The main selling point of multiplicative bases is that they provide marked Weiss covers
and hypercovers. For example, let B be a multiplicative basis of 4, a poset of marked opens.
Then we have

e a marked Weiss hypercover B NU| —' {U} for each U € U ([KSW24, Lemma
2.52)).

o for each W —™ {U} marked Weiss cover in 4| we get a marked Weiss hypercover
BNW, - {U} ([KSW24, Lemma 2.53]).

A main feature of factorizing bases is that they interact well with the marked Weiss
condition when left Kan extending. The result below is the main ingredient for proving that
pointless factorization algebras extend from a factorizing basis to a larger poset of marked
opens, see Section for a recollection or [KSW24! §4.3] for the full details.

Proposition 3.31 (Unique extension from a basis). [KSW24l Proposition 2.54] Let A: {4 —
C be a copresheaf on the poset of marked opens 3. Let B C i be a factorizing basis of Ll

(1) Every marked Weiss cosheaf on L is a marked Weiss cosheaf on B and a left Kan
extension along B — Il

(2) Assume that i is a presieve. Left Kan extension along B — Al from a marked Weiss
cosheaf on B yields a marked Weiss cosheaf on L.
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4. Pointless factorization algebras and constructibility

We first define pointless factorization algebras in Section [£.1] In short, a pointless factor-
ization algebra on open (X )grk is a pointless prefactorization algebra satisfying two additional
conditions analogous to those of ordinary factorization algebras. Then we review the theory
of conical (smooth) stratified spaces in Section as well as defining their marked counter-
parts. With a notion of stratification at hand we, in Section [£.3] define what constructible
pointless factorization algebras are. In Section [£.4] we give some results regarding pushing
forward and restricting (constructible) pointless factorization algebras, before explaining how

to restrict ordinary factorization algebras to pointless ones in Section [4.5

4.1. Pointless factorization algebras. In short, pointless factorization algebras are
analogous to the notion of factorization algebras, but has as domain open(X )grk instead
of open(X)®. The conditions one normally impose for ordinary factorization algebras are
modified accordingly.

Recall from Construction and Construction how one constructs an oo-operad
U® from a poset of marked opens i. There is a special type of morphism in U® which is of

importance; namely the cocartesian ones.

Observation 4.1. The cocartesian morphisms in 4% are of the form

() L (v | U

i€f~1(5)
Given I, (U;)), J+ and the map Iy — J in FIN, we have a cocartesian map as above exactly
when, for each j € J, the opens (U;);cp-1(;) are all pairwise disjoint.

Note that cocartesian maps are automatically marked inclusions. Now recall that we
assume our fixed target category (C,®) to be a ®-presentable symmetric monoidal category.

Remark 4.2. We view the symmetric monoidal co-category (C, ®) as encoded in a cocartesian
fibration C® — FIN, as in Definition The tensor product of C® is defined uniquely (up
to contractible choice) by cocartesian transfer. Thus, by definition, the cocartesian morphisms
in C® are of the form

L) L (1| @ v
i€f~1(j)

Analogous to how ordinary factorization algebras are defined we need to impose two con-
ditions on a pointless prefactorization algebra (Definition to get a pointless factorization
algebra. The first is that of multiplicativity, which says that disjoint unions of (marked) opens
should be sent to tensor products.

Definition 4.3. A pointless U-prefactorization algebra is called multiplicative if it sends co-
cartesian morphisms in 4% to cocartesian morphisms in C®. We denote the full co-subcategory
of multiplicative i-prefactorization algebras by

Alg — Algy,.

Remark 4.4. Note that it is enough to know multiplicativity for cocartesian arrows of the
form (24, (U1,Usz)) — (14, (U1 WU,)) and (+, (0)) — (+, (0)). The general case follows from
these by a simple induction-argument.
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Example 4.5. We can extend the pointless U-prefactorization algebras from Example
and Example to multiplicative algebras on 43, i.e. the disjoint union completion of 1.
That is, set F = A and F = M, respectively. Using Remark [1.4] the assignment

f(Ul W UQ) = f(Ul) & .F(UQ),
gives pointless multiplicative prefactorization algebras on BE. Of course, this assignment

immediately gives F(U; U ... U U,) = F(U;) @ --- ® F(Uy,) for a general multiplicative
morphism.

Secondly, factorization algebras also satisfy a local-to-global condition. This is formu-
lated using marked Weiss covers W —™ {U} (Definition [3.16)), or rather the corresponding
cosheaves which go by the name of marked Weiss cosheaves (Definition |3.21)).

Definition 4.6. Let 4 be a poset of marked opens. A marked Weiss algebra on U is a
pointless il-prefactorization algebra whose underlying copresheaf 4 — C is a marked Weiss
cosheaf. We define the full co-subcategory of marked Weiss algebras on 4l to be the pullback

AIgJ(C) > Algy(©)
| |

coShvW, (4,C) —— Fun(4,C)

mrk
Now we can finally give our main definition.

Definition 4.7. Let (X, X™%) be a marked space, and let {{ be a poset of marked opens,
i.e. U C open(X)mrk. The co-category of pointless U-factorization algebras (with values in C)
is the pullback

FACTE®®(C) «—— Algl(C)
| - |
Algll™(C) —— Algy(C)

Explicitly, a pointless {-factorization algebra is a morphism of co-operads A: U® — C® that
sends cocartesian morphisms in 4% to cocartesian morphisms in C® and restricts to a marked
Weiss cosheaf.

Notation 4.8. Whenever 4l = open(X ),k we abbreviate the above notation and simply talk
about pointless factorization algebras (on X) and similarly denote the corresponding category
by FACTI))geSS.

Remark 4.9. For a detailed comparison of the slightly different formulations of the ordinary
Weiss cosheaf condition in the literature on factorization algebras we refer the reader to
[KSW24| Section 2.5 & Remark 3.16]. Note that when X is trivially marked our Weiss
condition, and hence also the notion of pointless factorization algebras, coincides with the
standard literature on factorization algebras.

Example 4.10. Recall the {-prefactorization algebra A from Example 2:20] This satisfies
both multiplicativity and the Weiss condition, and is hence an example of an ordinary -
factorization algebra. See e.g. [KSW24| Example 3.14] for details.
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Example 4.11. Let M be a pointless {-prefactorization algebra as in Example 2.:23] Recall
that X = R with the origin as a marked point, i.e. X™¥* = {0}. Then we have that M
is a marked Weiss algebra by a straightforward modification of the argument in [KSW24)
Example 3.15]. B

4.2. Conical manifolds and their marked version. In this section we recall the
notions of conical manifolds and smooth conical manifolds from [AFT17b], where they are
named “Cy stratified spaces” respectively “conically smooth stratified spaces”. These play
the roles of topological and smooth manifolds when working with stratified spaces. We also
define their marked counterparts, which we call conical marked manifolds respectively smooth
conical marked manifolds.

Definition 4.12. [Lurl7), Definition A.5.1] Let P be a partially ordered set. We regard P
as a topological space by defining opens to be the subsets that are closed upwards, i.e. U C P
is open if u < p and u € U implies that p € U.

Let X be a topological space. We define a P-stratification of X to be a continuous map
S: X — P. In this situation we say that X is a stratified space.

Asking for a map of partially ordered sets to be continuous exactly means that it has to
be a map of partially ordered sets.

Example 4.13. Any (non-empty) topological space X can be seen as a stratified space by
giving it the trivial stratification, i.e. X = (X — {x}). The empty set is trivially stratified by
itself, i.e. 0 = (0 — 0).

Example 4.14. Figuredepicts two different stratifications of the form (0,1)? — P := {0 <
1 < 2}. In both cases all points are sent to 0, the line segments are sent to 1 and everything
else is sent to 2.

FIGURE 3. Two examples of R? 2 (0,1)? with non-trivial stratification.

Example 4.15. Let (X 5, P) and (Y KN Q) be two stratified spaces. Then their product

(X xY ST, p oy Q) is another stratified space. The product poset P x @ has the partial

order (p,q) < (p',¢') = (p <P )N (¢ < ).

Having seen some examples of stratified spaces we now turn to the maps between them.

10For example, for opens of the form (—oco,a) such that 0 < a < 1 the argument can be modified by
setting S; = {—i,a — 5} for some suitable factor k > 0.



4. POINTLESS FACTORIZATION ALGEBRAS AND CONSTRUCTIBILITY 33

Definition 4.16. A map of stratified spaces (X — P) — (Y — @) is a continuous map
f: X — Y such that the square

AN

U

|

Q=

commutes.
A type of stratified map which is of particular importance to us is the following.

Definition 4.17. A stratified map f: X — Y is a stratified open embedding if
e f: X — Y is an embedding of topological spaces, and
e the restriction f|: X, — Yy, is an open embedding of topological manifolds for
each p € P, where P is the stratifying poset of X.

With these stratified maps at hand we can also define the marked analogue of a stratified
space. Recall from Definition the definition of a marked space.

Definition 4.18. Let P be a partially ordered set and let (X, X™%) be a marked space. We
define a marked P-stratification of X to be a stratified open embedding from X™* — {x} to
X — P. We often omit the poset and the marked points and simply say that X is a marked
stratified space.

Remark 4.19. Observe that for a non-trivial collection of marked points, i.e. X™™* £ (),
asking for a stratified open embedding as in Definition corresponds to sending X™™ to
the (necessarily non-trivial) O-dimensional strata of X. If X has no 0-dimensional strata we
can only have X™* = (.

Example 4.20. Any choice of a (possibly empty) subset of the 0-dimensional strata of the
stratified spaces in Figure [3| gives an example of a marked stratified space.

Example 4.21. Let (X™% X) and (Y™ Y) be two marked stratified spaces. Then the
product stratified space X x Y from Example is a marked stratified space with marked
points (X x YV)™™* .= xmrk « ymrk Note that if X™* = () or Y™ = {) it follows that X x Y’
is trivially marked, i.e. (X x Y)™™* = .

One particularly important choice of marking which will be used a lot throughout this
thesis is the following:

Definition 4.22. Let X be a marked stratified space with finite O-dimensional strata. We say
that X is maximally marked if all points that can be marked are marked. This corresponds
to letting X™¥ be the maximal choice of marked points, i.e. X™™¥ is all of the 0-dimensional
strata of X.

Example 4.23. Consider for example the (conically smooth) stratified manifolds of Figure
If the leftmost space is maximally marked it has a total of 5 marked points, while the rightmost
space is maximally marked exactly when the one O-dimensional strata is marked.

We now recall a very important way of producing stratified spaces.

Construction 4.24. Let S: X — P be a stratified space. We define a new stratified space,
called the cone of X of radius t, by

CtX = {O} H{O}XX [O,t) x X .
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In the special case of infinite radius, we abbreviate CX := C,X. The stratification on the
cone is given by

—o0, fort=0

C: X — {- P t
! {Zoof+ P, (7$)H{S(x), fort >0’

where {—00} x P comes from adding a new minimal element to P.

Example 4.25. The stratified space from Example corresponding to the rightmost
picture in Figure [3|is a cone. More explicitly, it is the cone of S — {0 < 1}, where the circle
is stratified by two points (directly opposite to each other) which are both sent to 0 while the
rest of the circle is sent to 1.

Following [AFT17bl Definition 2.1.15 and Lemma 2.2.2], we define conical manifolds
which is the stratified analogue of a topological manifold. Note that in [AFT17b] the below
corresponds to what they call “CY stratified spaces” and “CY basics”, respectively.

Definition 4.26. Conical manifolds and conical disks are defined by mutual induction:

(1) A conical manifold is a stratified space X which is second countable Hausdorff, and
the collection of embedded conical disks forms a basis for the topology of X. If X is
empty we declare its dimension to be —1. Otherwise we say that X is of dimension N
or < N if all these embedded conical disks are of dimension N or < N, respectively.

(2) A conical disk or basic is a stratified space isomorphic to

D(X,i) = CX x R,

where X is a compact conical manifold, i € IN, and R’ is equipped with the trivial
stratification. If X is of dimension NV or < N, we declare D(X, i) to be of dimension
N+4+i+4+1or <N +1i+ 1, respectively.

Conical manifolds behave a bit differently than ordinary manifolds when it comes to
dimensions, which might not be well-defined globally. For example, the cone on S' S is a
conical disk of dimension < 2, because it has points of local dimension both 1 and 2.

Example 4.27. A conical manifold with trivial stratification corresponds exactly to an or-
dinary topological manifold because the only local disk that can appear is D(0,n) = R™.

The marked version of a conical manifold is, similar to before, defined using stratified
open embeddings.

Definition 4.28. Let X be a conical manifold. We say that X is a conical marked manifold
if it comes equipped with a stratified open embedding f: X™* — X where X™X is a finite
subset of points in X together with the trivial stratification. If the conical manifold X happens
to be a conical disk we say that X is a conical marked disk or a marked basic.

Remark 4.29. If X happens to be a basic, i.e. X = R’ x CZ for some compact stratified
space Z, the data of marked points is very limited. If i > 0 we can only have X™%* = () since
there is no O-dimensional strata. If i = 0 we can either choose X™™* = {x} or X™* = {), i.e.
either the empty set or the singleton set corresponding to choosing the origin to be a marked
point or not.

Remark 4.30 (Inherited marked structure). Given a conical marked manifold X™* — X
any conical disk embedded into X inherits a marked structure. Explicitly, given ¢:: D — X,
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where D is some conical disk, define D™ := X™k;(D). This intersection will, by definition,
either be empty or the singleton (corresponding to the origin of D) and comes with an open
embedding into D guaranteed by the open stratified embedding ¢. Put differently, we are
simply pulling back the marked structure along .

Since the embedded conical disks forms a basis for the topology of X, it follows imme-
diately that the embedded conical disks with inherited marking also forms a basis for the
topology of X.

Remark 4.31. It follows from the previous remark and the argument in Example that
every conical marked manifold admits a marked Weiss cover by (finite disjoint unions) of
conical disks with inherited marking. The special case where the conical manifold has trivial
marking gives existence of an ordinary Weiss cover.

We also need smooth analogues of Definition which is significantly more subtle to
define since it requires conditions on the transition maps appearing between the charts by
conical disks. Here we only sketch the definition, and refer to [AFT17b §3.2] for the details.
Note that what we call smooth conical manifolds here corresponds to their “conically smooth
stratified spaces”.

Definition 4.32 (Sketch of [AFT17bl §3.2]). The following notions are defined by mutual
recursion:

e A smooth conical manifold X is a paracompact and Hausdorff stratified space equipped
with a conically smooth atlas. That is, an inclusion-maximal collection {i;: D; —
X }ier of open embeddings of smooth conical disks D;, such that for each i, j € I and
each x € ¢;(D;) N1;(D;) there is a k € I with z € Dy, and a commutative square

Dk‘—>D

j\jw

D<—>X

where the left vertical and upper horizontal maps are conically smooth embeddings.
e A conically smooth map f: X' — X between smooth conical manifolds with smooth
conical atlas {1/} and {v;}, respectively, is a map of stratified spaces which induces
conically smooth maps q/)j_l o f o1 on all charts.
e A smooth conical disk is a stratified space of the form

D(X,n) = CX x R" ,

where X is a compact smooth conical manifold.

e Conical smoothness for a map D(X,n) — D(Y,m) of smooth conical disks is de-
fined in terms of conical smoothness of maps X — Y, plus the ordinary notion of
smoothness between Euclidean spaces.

Example 4.33. Every smooth manifold is an example of a conically smooth manifold with
trivial stratification. In this situation the conically smooth maps are exactly ordinary smooth
maps.

Example 4.34. In [NV23], Nocera—Volpe proves that any Whitney stratified space admits
a canonical smooth conical structure. Thus, all Whitney stratified spaces are examples of
smooth conical manifolds.
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Example 4.35. The stratified spaces given in Example admits smooth conical structures
and are hence examples of conically smooth manifolds. For more interesting examples we refer

the reader to [AFT17b) §3.5].
We can assemble smooth conical manifolds and embeddings into an ordinary category.

Definition 4.36. [AFT17b| Definition 3.2.21 & Proposition 3.3.7] We define the (ordinary)
category Mfld of smooth conical manifolds and embeddings as follows: An object is a pair
(X, A) consisting of a conical manifold together with a (maximal) conically smooth atlas A. A

morphism (X, A) — (X', A’) is a conically smooth embedding, i.e. a stratified open embedding
f: X — X' such that Ay = f*Ax.

Notation 4.37. We write
Bsc € Mfld and Disks ¢ Mfld

for the full subcategories whose objects are smooth conical disks (“basics”), respectively finite
disjoint unions of smooth conical disks.

We now introduce a marked version of a conically smooth embedding before explaining
how smooth conical marked manifold also assemble into an ordinary category.

Definition 4.38. Let (X, X™%) and (Y, Y™%) be two smooth conical marked manifolds. We
say that a conically smooth embedding f: X — Y is bijective on marked points if it induces

a bijection f| ek - xmrk =, ymrk Explicitly, f has to induce a commutative square of the
form

o

erk Ymrk

/ |

x—1 vy

Since conically smooth embeddings compose, so do the conically smooth embeddings
which are bijective on marked points.

Definition 4.39. Let Md™%P be the ordinary category of smooth conical marked mani-
folds and conically smooth embeddings which are bijective on marked points. That is, objects
are smooth conical marked manifold, i.e. a smooth conical manifold (X, A) together with a
stratified open embedding X™* — X from a finite collection of marked points (of X). Mor-
phisms are conically smooth embeddings which are bijective on marked points.

Remark 4.40. To be more precise, X™™ also has the structure of a smooth conical manifold
in the above definitions. We always choose to equip it with the atlas coming from the atlas
on X, ie. for t: X™¥ < X and X = (X,Ax) we set Aymn = t*Ayx making ¢ a conically
smooth embedding by construction.

Notation 4.41. We write
BSCmrk’bij C Mﬂdmrk’bij and DiSkSmrk’bij C Mﬂdmrk’bij

for the full subcategories whose objects are smooth conical marked disks (“marked basics”)
respectively finite disjoint unions of smooth conical marked disks.

All of the ordinary categories introduced in this section can also be assembled into co-
categories. This is explained in detail in Section [6]
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4.3. Constructible pointless factorization algebras. In this subsection we introduce
the notion of constructible pointless factorization algebras. Informally, these are pointless
factorization algebras which are locally constant with respect to the stratification of the
space. Here, the stratifications we use are those of Section namely we work with marked
conical manifolds or conically smooth marked manifolds depending on the situation.

We start by setting up some notation to ensure that we have enough disks in our manifold
to avoid checking a vacuous condition.

Notation 4.42. We write disk(X )k C open (X) . for the full subposet of finite disjoint
unions of embedded disks with inherited marking, see e.g. Remark Here, “embedded
disks” needs to be interpreted in terms of what type of object we view X as. Explicitly,
disk(X )k refers to:

e the full subposet of finite disjoint unions of embedded conical disks (with inherited
marking) if X is (viewed as) a conical marked manifold.

e the full subposet of finite disjoint unions of conically smoothly embedded conically
smooth disks (with inherited marking) if X is (viewed as) a smooth conical manifold.

In the case where X has trivial stratification (and hence also no marked points) the above
reduces to the standard notions of continuously or smoothly embedded disks in a topological
or smooth manifold.

Definition 4.43. We say that B is a disk-basis of i if B C disk(X ),k and it is a basis for
the topology as in Definition [3.26

Following [KSW24!| Definition 3.34] we introduce the following notion.

Definition 4.44. A poset of marked opens { C open(X ),k is said to have enough good
marked disks if there exists a factorizing disk-basis B of . We say that B is a factorizing
disk-basis of L.

Similarly, we say that X has enough good marked disks if the poset of marked opens
open(X ),k has enough good marked disks witnessed by some factorizing disk-basis B C
diSk(X )mrk-

Remark 4.45. Let X be a conical marked manifold with enough good marked disks witnessed
by a factorizing disk-basis 8. For any marked open U € open (X), ., it follows that B N
open (U),. is a factorizing disk-basis of open (U) which hence also has enough good
marked disks.

mrk>

Remark 4.46 (Existence of enough good marked disks). Note that B = disk(X ),k is not
an example of a factorizing disk-basis because it is not necessarily closed under intersections.
Hence, it is not clear that X has enough good marked disks for X some conically (smooth)
marked manifold. In general, we will simply “define away” this problem by restricting to those
conically (smooth) marked manifolds which has enough good marked disks when needed.

We are now ready for the main definition of this subsection, namely that of constructible
pointless factorization algebras.

Definition 4.47. Let X be a conical marked manifold, and let & C open(X ),k be a poset of
marked opens with enough good marked disks. Let A: 4® — C® be a pointless U-factorization
algebra. We say that A is constructible or locally constant with respect to the stratification
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if every marked inclusion U <™ V in 4 of (abstractly) isomorphic marked conical disks is
A-local. Let

FACTﬁl’CStr C FACTEless

denote the full co-subcategory of constructible pointless factorization algebras on Ll.

Note that if we do not assume 4l to have enough good marked disks one might get an
entirely vacuous condition; e.g. if 4l is some poset of marked opens containing no marked disks.
If the space is trivially stratified (and hence also trivially marked) the notion of constructibility
has a special name.

Definition 4.48. Let X be a manifold and 4 C open(X) a poset of opens with enough good
disks. A Y-factorization algebra is called locally constant if it is constructible with respect to
the trivial stratification.

Example 4.49. Firstly, the trivial factorization algebra from Example is (trivially)
seen to be constructible for any stratification. Recall the U-factorization algebra A from
Example and Example We see that A is locally constant because any inclusion of
intervals is sent to the identity of the algebra A.

Example 4.50. Recall the pointless U-factorization algebra M from Example[2.23]and Exam-
ple Since we have established that marked points can only be part of some 0-dimensional
strata it follows that we have to consider R with some non-trivial stratification. Let R = CS°
as smooth conical marked manifolds, i.e. R is given the stratification {0} C R. With this we
see that M is a constructible pointless {-factorization algebra; each marked inclusion between
conical disks both containing 0 is sent to the identity on M, and inclusions between intervals
on either side of 0 is sent to the identity on A, respectively B.

4.4. Restriction and pushforward. Here we establish that, just like ordinary factor-
ization algebras, pointless factorization algebras can be transferred from one marked space to
another by pushforward and restriction.

Observation 4.51 (Restriction and pushforward). Let (X, X™¥) and (Y,Y™¥) be two
marked spaces as in Definition

e Given an open (marked) subspace U C X, the inclusion of operads open (U)
open (X)2 | induces the restriction functor

®

mrk

of algebras by precomposition.
e For each continuous map f: X — Y that sends marked points to marked points, i.e.
f(Xmrk)y € ymkwe have an induced functor

f~t: open (V)€

mrk

&

mrk

— open(X)
of oco-operads which induces the pushforward functor
fe: Algxy — Algy

of algebras by precomposition.

Remark 4.52. Since the subspace U inherits its marked points from those of X the pre-
composition is indeed well-defined. In the second item we need the continuous map f to
send marked points to marked points, otherwise f, will not be a well-defined functor. This

is because we would have inclusions in open (YY), , where the corresponding preimages are
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not marked inclusions. A simple illustration of this is given in Figure [ where X is R with
one marked point, and Y is R with no marked points. Let A be a pointless factorization
algebra on X. The preimage of the inclusion U < V in Y is not a marked inclusion (because
f~1(U) does not contain the marked point but f~1(V') does), making the pushforward f,.A
ill-defined.

0 1
Hto——— )

|7

S > )
u Vv
0 1

FIGURE 4. An example of how pushing forward along a map f: X — Y which
does not send marked points to marked points is ill-defined.

Lemma 4.53. Restriction along U C X preserves (separately) multiplicative algebras, Weiss
cosheaves and constructibility. In particular, it induces functors

. pless pless . pl,cstr pl,cstr
—|p: FacTy 7 — FacTy; and  — | FACT™" — FacTy;

on (constructible) pointless factorization algebras.

PrOOF. Note that all instances of multiplicativity or constructibility in U is also an
instance of multiplicativity or constructibility in X . This is also true for the Weiss condition:
By Remark we get that marked Weiss covers in U are evaluated the same as marked
Weiss covers in X since open (U),, . is a presieve. O

Lemma 4.54. Pushforward along a continuous map f: X — Y that sends marked points to
marked points preserves (separately) multiplicative algebras and Weiss cosheaves. In particu-
lar, it induces a pushforward functor

fo: FACTR®® — FacTh®™
on pointless factorization algebras.

PrOOF. Note that for any finite disjoint union V =V J...UV,, in Y we get a correspond-
ing finite disjoint union f~Y(V) = f~'(Vi)W...w f~1(V,) in X. Thus, the multiplicativity
condition translates directly and f, preserves multiplicative algebras.

For the marked Weiss condition we first observe that f~! preserves intersections, so f, is
compatible with the evaluation of marked (pre-)covers. We next need that the preimage of
a marked Weiss cover W —™ V in Y is a marked Weiss cover in X. Since f sends marked
points to marked points we get that f~*(W) —™ f~}(V) is a marked cover. For the Weiss
condition, let S C f~1(V) be any finite set. There exists an open W € W covering the finite
set f(S), thus f~1(W) € f~1(W) covers S. O

Observe that the pushforward along a continuous map does not preserve constructibility in
general. For this one needs to also ensure that the map “interacts” well with the stratification.
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We refer the reader to Section 8.2]for some examples of maps whose pushforward also preserves
constructibility.

Lastly, we recall a straightforward lemma allowing to combine pushforwards on disjoint
unions:

Lemma 4.55. [KSW24| Lemma 3.48] Let f;: X; — Y; be a map of marked spaces for each
1 € 1. If the pushforward along each f; preserves constructible pointless factorization algebras,
then so does the pushforward along their disjoint union [];c; f;

Proor. Follows immediately from the observation that any marked inclusion of abstractly
isomorphic conical disks U <—™ V' in the disjoint union [[,.;Y; already lies in one of the
Y;’s. O

4.5. Restricting ordinary to pointless factorization algebras. Here we explain
how to restrict from ordinary (constructible) factorization algebras to pointless ones. We also
give two results showing that restricting from (constructible) ordinary factorization algebras
to pointless ones commutes with restrictions and push forwards along sufficiently nice maps.

Let X be a conical marked manifold. Recall the inclusion

tx : open(X )y — open(X) (4.1)

of posets from Construction m This induces a restriction functor (2.1) at the level of
algebras.

Lemma 4.56. Let C be a symmetric monoidal ®-presentable co-category, and let X be a
conical marked manifold. Let vx be the inclusion (4.1). Restriction along tx induces functors

Vit FACTX (C) — FACTR®™S(C)  and i : FACTSY(C) — FacTR ™™ (C)  (4.2)
where on the left hand sides we consider X with its trivial marking.
PrOOF. We need to check that the restriction functor
Ux t Algopen(x)(C) — Alggpen(x)mm (C) (4.3)

given by precomposing with ¢x restricts to (constructible) pointless factorization algebras.
This follows from % (separately) preserving multiplicativity, constructibility and the marked
Weiss condition. Fix some object F € Algypenx)- If F is multiplicative it follows that 5 F
also is, since all of the multiplicative morphisms are automatically marked. In the exact same
manner it follows that (5 JF is constructible if JF is so, because for each inclusion U < V such
that U and V are stratified isotopy equivalent it follows that the inclusion automatically is a
marked inclusion. Lastly, let F be a Weiss cosheaf. The marked Weiss covers are in particular
ordinary Weiss covers, ensuring that 3 J is a marked Weiss cosheaf. g

Remark 4.57. At the level of algebras the restriction functor (4.3) has a left adjoint given
by left Kan extension. An interesting question to ask is if the left adjoint also restricts to
(pointless) factorization algebras. We do not investigate this further in this thesis.

We now explain how the restriction from pointed to pointless factorization algebras is
compatible with the restricting to open subspaces, as well as pushing forward along sufficiently
nice maps. This is used in Section when proving that the second functor of is even
a symmetric monoidal functor. Moreover, we also need these lemmas in Section [9.3| where
we compare the pointed and pointless higher Morita categories constructed from (pointless)
factorization algebras.
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Lemma 4.58. Let X be a conical marked manifold and let j: U — X be an inclusion of a
subspace (with inherited marking). Then the diagrams

FacTy —2— FacTy FacTS" —1— FacTH®
L}l \LL’{] and L}l lL;‘J (44)
FacTRe — FacTh FacTR " — 5 Facth "
J

commute. Here, the copies of U and X on the top row come with the trivial marking.

PrOOF. At the level of co-operads we have the commuting square

open (U)® AN open(X)®

L XT Tb

open (U)® — open(X)®

mrk mrk

(4.5)

<

Now apply Alg_ to and observe that the commuting square of algebras restricts to the
subcategories of (constructible) pointless factorization algebras by Lemma.53|and Lemmam
We indeed get FACT_, respectively FACT®" in the top row of the diagrams i4.4) because the
corresponding copies of U and X are trivially marked. U

We now also consider the analogous result for push forwards along sufficiently nice maps.

Lemma 4.59. Let f: X — Y be a continuous map which sends marked points to marked
points, i.e. f(X™K) C Y™k, Then we have that the square

FACTx fx » FACTy
pless pless
_
FacTy 7 FacTy,

commutes, where the copies of U and X on the top row come with the trivial marking.
Assume that f is a map which constructible pointless factorization algebras push forward
alongﬂ In this situation the above restricts to the commuting square

fx

cstr cstr
Facts FacTy
pl,cstr pl,cstr
—>
Facty T FacTy

ProOOF. Consider the commuting square of oo-operads

—1
open (V)% AN open(X)®

o] Tex

open (V)2 0 open(X)®

mrk mrk

HEor example, if f is an adequately stratified map (between marked stratified space) this condition is
satisfied as proven in Lemma, See also Section [8.2| for more examples of such maps.
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Again, by applying Alg_ we obtain a commuting square of algebras. We know that ¢ restricts
to the corresponding subcategories of pointless factorization algebras, and by Lemma
f also restricts which gives the square . Moreover, ¢ preserves constructibility, and by
assumption on f so does f, yielding the second square (4.7]). g
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5. Main results

In this section we explain that constructible pointless factorization algebras have the same
key features as ordinary factorization algebras. In particular, we start by proving that they
glue, or more precisely satisfy descent, in Section Using this the oo-category FACTE)(I’CSU
of constructible pointless factorization algebras is given a symmetric monoidal structure in
Section 5.2 and we also promote the restriction functor from ordinary constructible to point-
less factorization algebras to a symmetric monoidal functor. Lastly, in Section we explain
that constructible pointless factorization algebras on a marked cone CZ can be assembled
from constructible pointless factorization algebras away from the cone point and on [0, c0).

The results here are analogous to those of [KSW24, §6] for ordinary factorization algebras.

Remark 5.1. The results here are straightforward adaptations of those of [KSW24] §6] for
constructible ordinary factorization algebras. However, they rely on results for (constructible)
pointless factorization algebras established in Section [7l Some of those follow directly from
the corresponding statements for (constructible) ordinary factorization algebras, while some
require additional work to adapt to the pointless setting. We highlight this using Notation 1.2
i.e. adding an asterisk to results which follow straightforwardly from [KSW24].

5.1. Gluing of constructible pointless factorization algebras. In this section we
prove that constructible pointless factorization algebras glue, following the same strategy as
in [KSW24 §6.1] where this is proven for ordinary constructible factorization algebras.

We mean the following when we say that constructible pointless factorization algebras
“glue”. Given an open cover of some (maximally marked) space X and constructible pointless
factorization algebras on the opens of the cover that are compatible, one can produce a
constructible pointless factorization algebra on X. In other words, constructible pointless
factorization algebras form a sheaf of co-categories. This passes through several intermediate
posets of marked opens, one of which is:

Definition 5.2. Let &/ = {U;};<p be an open cover of X. We define the full subposet
open (U) . C open(X )mk to have objects those marked opens that are objects in open (U;)
for some U; € U, and morphisms are all marked inclusions between such opens.

mrk

It was proven that locally constant factorization algebras form a sheaf of co-categories
in [Mat17, Theorem 1.3]. For ordinary constructible factorization algebras this was proven
in [KSW24, Theorem 6.1], and the proof also adapts to the pointless setting as we will see
here.

THEOREM 5.3. Let C® be a ®-presentable symmetric monoidal co-category. Let X be a
smooth conical mazimally marked manifold with enough good marked disks. Let U = {U;}i<p
be an open cover of X. For any finite subset I C 3 denote Ur := (\;c; Us. Then we have an
equivalence of co-categories

pl,cstr

~ . l,cstr
FacTy ™ (C) — BIDI%V) Facty 7 (C) .

In other words the assignment U — FACTI(}I’CSH(C) is a sheaf of co-categories.

PrOOF. The wanted equivalence factors as the following composite of equivalences:

pl,cstr o~ pl,cstr o~ pl,cstr ~ . pl,cstr
FACTX m} FACT%U FACT;B Cotl T 6].31?%@ FACTU]
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where B := open (U),,,- The leftmost equivalence follows from Proposition and the
rightmost equivalence is due to Proposition [7.7] For the middle equivalence we use that X

is maximally marked to apply Proposition note that B = open (i), has enough good
marked disks because X does (see e.g. Remark [4.45)). O

We now prove the two intermediate results used in the above proof. The first one follows
directly from having established Proposition [7.10f and Theorem [7.20[* as in [KSW24].

Proposition 5.4. [KSW24, Proposition 6.2] Assume that X has enough good marked disks.
Let U be an open cover of X. Then the restriction functor

%, pl,cstr =~ pl,cstr
v FACT ™ — FACTy

)

where B = open (U),,.., S an equivalence of co-categories.

The following proposition is proven exactly as [KSW24, Proposition 6.3], but we stress
that part of the results this relies on are obtained through non-trivial modifications compared
to the ordinary setting. To make this explicit we include the proof. Note also that this relies
on assuming X to be maximally marked.

Proposition 5.5. Let P C open (X), .. be a decomposable presieve with enough good marked
disks, and let X be maximally marked. Then the restriction

* . pl,cstr =~ pl,cstr
U FacTgy ™ — FacTy (5.1)

s an equivalence of co-categories.

Proor. By Corollary [7.15[ we have the equivalence

e Alg;{;jstr i} A1g$7CStr ]
We claim that this equivalence restricts to that of Equation . For this we need to prove
that (the copresheaf underlying) any given multiplicative constructible pointless prefactoriza-
tion algebra A on P, is a marked Weiss cosheaf if and only if its restriction to B is a marked
Weiss cosheaf.

“Only if” follows from 3 being a presieve; this ensures that evaluating .4 on a marked
Weiss cover in B gives the same value as the evaluation in Py.

m,cstr

For the converse, let A € Algmu such that Alm is a marked Weiss cosheaf. Since

has enough good marked disks there exists a factorizing disk-basis © of . Without loss of
generality we can further assume ® to be decomposable. We recall and apply two facts to
the current situation:

e Since A, is a marked Weiss cosheaf it is a left Kan extension from the factorizing

basis ® by Proposition In addition, ® is closed under disjoint unions subor-
dinate to P so by Lemma@ it follows that "4|q3® is an operadic left Kan extension

from D®.
e Applying Proposition [7.13[* to 6 := D and B := P (both decomposable) gives that
the multiplicative prefactorization algebras A\z)@’ and 'A")?® are operadic left Kan
0] U]

extensions from ‘A\@® and A|‘13®'
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By transitivity and the 2-out-of-3-property for operadic left Kan extensions as in the com-
muting diagram

D® « s q3®

D — P

it follows that A, which is defined on B, is an operadic left Kan extension from ®&. Again
using Lemma [A.44] we note that the underlying copresheaf A“ﬁu is a left Kan extension from

'A|©U' Moreover, Abu is constructible since A is constructible. Together with the fact that
Dy 1s a decomposable multiplicative disk-basis of By and X is maximally marked this puts
us in the situation of Corollary [7.34]; hence we conclude that A is a marked Weiss cosheaf on
B as wanted. O

We now explain how one can use the marked Weiss condition to compute the value of a
glued constructible pointless factorization algebra.

Example 5.6. Let U and V be two intervals with non-trivial overlap, i.e. U NV # (), and
set X = U U V. Moreover, let U and V each have a marked point away from the overlap,
ie.zp € U\V and 29 € V \U. To be explicit, let Fy and Fy be two constructible
pointless factorization algebras on U respectively V' as in Example Example (and
Example|7.12)). That is, arising from an Aj-As-bimodule M; and an Az-Ag -bimodule M.
By Theorem [5.3| we can glue Fi; and Fy to obtain a constructible pointless factorization
algebra on X (because FU oy = Az fV\UnV)'

We claim that the value of the glued pointless factorization algebra F on X is given by
the relative tensor product My ®a, M2, which additionally has the structure of a Aj-Agz-
bimodule. The computation relies on choosing a convenient marked Weiss cover. Let W be
as in [KSW24| Example 6.4HE| With this we get

X) ~ colim F ~ colim F(X\ (Kou...UK,
F(X) = colim & [g]oeggpf( \ (Ko U Ky)

~ colim F(Up) ® -+ ® F(Uns1) =~ colim My ® Ax®" @ My ,
[n]eAop [n]eAop

where from left to right we used that F is a marked Weiss cosheaf, that it factors through the

localization which moreover is colimit cofinal, multiplicativity of F and finally that {z;} C Up

and {z2} C Up41, respectively. The final colimit is exactly the usual expression for the relative

tensor product, so we indeed get F(X) >~ My ®a, Mz as claimed.

Remark 5.7. The difference between the above example and the analogous one for con-
structible ordinary factorization algebras ([KSW24, Example 6.4]) is that in the latter both
bimodules are also equipped with a pointing. This trivially equips the relative tensor product
with a pointing as well.

Remark 5.8. Theorem is a key ingredient when constructing the pointless higher Morita
category in Section @ In short, gluing is crucial to define composition (up to also pushing
forward along certain maps); see Section for more details.

12hat is, from the analogous example for constructible ordinary factorization algebras using pointed
bimodules. However, the Weiss cover chosen there happens to be (what we here call) a marked Weiss cover so
the computation directly carries over.
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5.2. Symmetric monoidal structure on FACT%LCS“. We will now explain how the co-
category of constructible pointless factorization algebras is given the structure of a symmetric
monoidal oco-category. This is a direct modification of the results in [KSW24| §6.2] where
the symmetric monoidal structure of the oo-category of constructible factorization algebras
is constructed. With this we can upgrade the functor from Lemma to a symmetric
monoidal functor.

Recall the inclusion map ¢x : open(X )k — open(X). As explained in Lemmathis
gives rise to a functor

U FACTSY — Fact ™ (5.2)

where on the left we only use the underlying conical manifold X of the marked conical manifold
(X, X™rk)  We already know that the left hand side has a symmetric monoidal structure from
[KSW24, §6.2]. Hence, by exploiting the same setup to provide the right hand side with a
symmetric monoidal structure here we can upgrade the functor to a symmetric monoidal
functor. This is done in Proposition below.

First, let us briefly explain how the symmetric monoidal structure on FACTI;(LCStr is con-
structed. Here OPD denotes the (2, 1)-category of operads and operad maps as in Nota-
tion

Construction 5.9. [KSW24| Construction 6.6] Let X be a marked space. Consider the
functor of 1-categories
&

mrk *

FIN, — OpD®?, I, v open (X))
On morphisms this sends f: I, — Jy to

open (XHJ) @

mrk —— open (XLU)

®
mrk’ H Uj = H Uf(’) :
jeJ il
We use the convention that for the base point + of J. we have U, := (). Postcomposing with
the functor

Alg_(C): OPD? — CAT
we get
Alg%(C): FIN, — CATo, I — Algxus(C) .

This functor exhibits the symmetric monoidal structure on the co-category Algy (C) of point-
less prefactorization algebras.

Remark 5.10. Recall that to push forward a pointless prefactorization algebra along a
continuous map we additionally require the map to send marked points to marked points.
We verify this in two minimal examples, the general cases are analogous as explained in the
proof of Proposition below. Recall from Definition the notion of active and inert
maps in FIN,. Let f: 24 — 1 be the unique active map in FIN,; then Alg% (f): X [[X — X
is the fold map which indeed sends marked points to marked points. For f: 2, — 1, the
inert map of FIN, sending +,1 — + and 2 — 1 we have that Alg$(f): X — X[ X is the
embedding of X into the second copy of X, which also manifestly sends marked points to
marked points.

We have the following, which is a pointless version of [KSW24| Proposition 6.7 & Corol-
lary 6.8].
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Proposition 5.11. We have a subfunctor

FACTI))(I’CSH@ C Alg%: FIN, — CATo

by pointwise passing to the full oco-subcategories of constructible pointless factorization alge-
bras. For every smooth conical mazximally marked manifold X with enough good marked disks,
the functor

FACTRY ™" FIN, — CATo, Iy > FaCTR (5.3)

exhibits a monoid-object in (CATw, X). That is, a symmetric monoidal structure on the
oo-category FACTE(I’CStlr of constructible pointless factorization algebras.

PRrROOF. For the first part one uses that constructible pointless factorization algebras push
forward along disjoint unions of fold maps by Lemma and Lemma [4.59|, as well as the
fact that they are preserved by restriction along some open embedding by Lemma [4.53].

For the second part one needs to establish the Segal condition. Here we use the assumption
that X is maximally marked to employ Theorem in the exact same way as in [KSW24]|
Corollary 6.8]. O

The symmetric monoidal structure of FACTE™, i.e. constructible factorization algebras

on X is constructed in the exact same way. We are now ready to upgrade the functor ([5.2))
established in Lemma to a symmetric monoidal functor.

Proposition 5.12. Let C be a symmetric monoidal @-presentable co-category. Assume that
X is a smooth conical manifold which is maximally marked, and let tx be the map (5.2).
Restriction along tx induces a symmetric monoidal functor

U FACTSY (C) — FacT ™™ (C) |

where on the left hand side we forget about the marking of X and only remember the underlying
smooth conical manifold.

PRrROOF. We need to ensure that the functor from Lemma [4.56| is compatible with the
symmetric monoidal structure. Explicitly, we need it to induce a natural transformation
between the two functors FACTS™® and FACTR ™ defined as in (5.3). Let f: Iy — Jy be
a morphism in FIN, and consider the square

FACT;"’® (f)

FACTS » FACTH,

* *
LXLUJ lLXHJ

l,cstr 1,cstr
FACTp FACTp oy
X FACTg)(l,cstr,(Xl(f) X

Using the factorization system on FIN, we consider active and inert maps separately. When

f is active both FACTE?WX)( f) and FACTE}I’CSH’@( f) are given by pushing forward along a

disjoint union of fold maps, while if f is inert FAcTS™®(f) and FACTE%’CS“’@( f) are given
by restriction along some open embedding. In the former case we use that the fold map is
adequately stratified so by Lemma[8.14] and Lemma we are in the setting of Lemma [4.59]
In the latter case the square commutes by Lemma [£.58] O

Given the symmetric monoidal structure on FACT%I’CStr there is also an improvement of

the statement in Theorem [5.3]. Namely, constructible pointless factorization algebras is not
just a sheaf of oo-categories but of symmetric monoidal co-categories. Let MAd™¥ denote
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the 1-category of smooth conical marked manifolds and open embeddings which send marked
points to marked points. Upon replacing (the 1-category) Mfld with MAd™* Construction
6.9 and Proposition 6.10 of [KSW24] immediately carries over to the setting of constructible
pointless factorization algebras. We summarize this by giving the precise statement.

Proposition 5.13. [KSW24| Proposition 6.10] The functor X FACTE’(I’CS“@(C) of [KSW24,
Construction 6.9] is a sheaf of symmetric monoidal co-categories.

5.3. Link decomposition of constructible pointless factorization algebras. In
this section we briefly explain how the results in [KSW24| §6.3] carry over to the point-
less setting. The motivation is to answer the following question posed by David Ayala. In
the setting of ordinary constructible factorization algebras one has to replace ‘module’ by
‘pointed module’ below, however, the pointless version spelled out here is what one actually
is interested in.

Question 5.14. Is the data of a constructible pointless factorization algebra on a marked
cone CZ the same as the following?

(1) An associative algebra A in constructible pointless factorization algebras on Z, and
(2) a module for the associative algebra A(Z) = [, A.

This question is reinterpreted as follows:

e Associative algebras are interpreted as locally constant factorization algebras on
(0,00), as justified by results of Lurie. Moreover, we interpret a module for the
associative algebra A(Z) as a constructible pointless factorization algebra on [0, 00) [

e By a version of Dunn’s additivity theorem we can think of the data in [l| as a con-
structible pointless factorization algebra A on Z x (0,00).

Remark 5.15. For locally constant factorization algebras (i.e. in the unstratified and un-
marked setting) such a version of Dunn’s additivity theorem was proven in [Ber21]. The
general result for smooth conical manifolds, i.e. corresponding to constructible factorization
algebras, is work in progress by Anja Svraka. We expect these results to also carry over to
the pointless setting.

We will now spell out the main theorem of this section, which under the reinterpretation
gives a positive answer to Question This is the pointless analogue of [KSW24l, Theorem
6.12], and we explain how the proof indeed carries over.

THEOREM 5.16. [KSW24, Theorem 6.12] Let C® be a ®@-presentable symmetric monoidal
oco-category. Let Z be a compact smooth conical manifold with enough good disks, and let CZ
be the corresponding cone which moreover is marked at the cone point. We have a pullback
square of co-categories

pl,cstr pl,cstr
Factgy, ™ —— FACT, ) A
|
lp* l l . (5.4)
pl,cstr pl,cstr
FacTly S ——— FaCT{y ) ;A

130 the ordinary setting the latter is made precise in [KSW24] Example 5.27] (for pointed modules)
using [KSW24| Corollary 5.26]. Despite not having proven an analogous result to this (see also Remark [7.32))
we nevertheless expect this kind of comparison to hold also in the pointless setting.



5. MAIN RESULTS 49

Here, the vertical maps are given by pushforward along the quotient map p: CZ — [0,00),
while the horizontal functors are given by restriction to open subspaces.

Since the cone point of CZ is marked, it follows that {0} C [0, c0) also is a marked point.
Hence, the change compared to the ordinary unmarked setting are in those two entries, i.e. the
oc-operads open (CZ)2 | and open ([0,00))% , . The two entries corresponding to Z x (0, 00)
and (0, 00) contains no marked points, which is why the right vertical map is indeed given by
factorization homology.

Remark 5.17. At the level of (discrete, colored) operads we have the following square:

open ((0,00))2., 2 open (Z x (0, 00))

[ I

open ([0, oo))® T open (CZ2)

&

mrk

®

mrk mrk

The pullback square in Equation (5.4)) is induced by applying Alg_(C) to the above square
and then passing to the co-subcategories of constructible pointless factorization algebras.

Remark 5.18. In the ordinary setting the statement of [KSW24, Theorem 6.12] also follows
from results of Brav—Rozenblyum [BR23| §3.2] by using [KSW24, Corollary 5.26] to relate
their definition of a constructible factorization algebra to the one used here.

Remark 5.19. The result of Theorem [5.16] can be globalized in a way where one can in-
ductively assemble data of algebras and modules in locally constant factorization algebras on
the individual strata to construct a global constructible factorization algebra. Since we do
not need these results in this thesis, and the constructions directly carry over to constructible
pointless factorization algebras we do not go into detail about this. We refer the interested
reader to Construction 6.16, Corollary 6.17 and Remark 6.18 in [KSW24].

We now turn towards the proof of Theorem For this we first need to introduce some
notation and a preliminary result.

Definition 5.20. Let U be a marked space. We define open_p (U),,,;. C open (U),,, to be
the full subposet whose opens are all non-empty marked opens of U.

Construction 5.21. [KSW24l Construction 6.19] Denote by

0N = openy (Z x (0,00)) and H=p! (openﬂ) ([0, OO))mrk>

the posets of non-empty marked opens that

e do not contain the cone point, or

e are horizontal, i.e. of the form p~!(U) for some marked open U € open ([0,00))

respectively. Define 4 := 91U §) to be their union. By construction, the associated operad U®
fits into a pullback square

NN HE —— N®
j - j (5.5)
53® v ¥@®

of (discrete, colored) operads and fully faithful embeddings. Moreover, we denote Uy = UU{0},
i.e. the poset of marked opens obtained by adding the empty set to 4.
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The proposition below follows from [KSW24, Proposition D.1] by observing that the
proof also applies to the setting where (using the notation there) O% (and hence also U®) is
not necessarily unital. More precisely, by a careful inspection of the proof, the proposition
still holds when modifying assumption (A3) to be

(A3") every color x € U® \ O® admits a unique 0-ary operation.

In our setting this corresponds exactly to saying that we have an inclusion of the empty set
into any open which does not contain the cone point, which we indeed have. Thus, we get:

Proposition 5.22. [KSW24| Proposition 6.20] The square (5.5) is a pushout of operads
and even of co-operads.

The proof of [KSW24| Proposition D.1] is rather technical. However, the key idea of the
proof is still instructive, and we briefly recall it here. First of all, the main hurdle is that we
have operations in the 4% which exists neither in 9% nor in %; e.g. if the output contains the
cone point but the input contains at least one non-empty open which is not horizontal. See
[KSW24, Figure 6] for a simple example. What one needs to show is that such an operation
will nevertheless lie in the pushout. This follows by showing that each such operation f can
be factored canonically into a composition of an operation b € M® away from the cone point,
and a horizontal operation a € H®. We refer the reader to [KSW24] for more details.

We now explain that the proof of [KSW24, Proposition 6.12] indeed carries over to the
pointless setting.

SKETCH OF PROOF OF THEOREM [5.16l By Proposition [5.22| we have a pullback square
of co-categories of algebras

Algy —— Algz(0,00)

|
p*l lp*
Algopen 110,000 . 7 AlE(0,0)
This square stays a pullback square upon restricting to the co-subcategories of multiplicative
algebras. Using Lemma for each entry in the square we get that this pullback square is
equivalent to the pullback square

Algﬁ@ — Algy, (0,00)

al ” 2

Algﬁ]‘m) _ Alg?&oo)

Using that Ly is a presieve one gets that this square stays a pullback square upon restricting
to the oo-subcategories of constructible pointless factorization algebras in the same way as
for ordinary constructible factorization algebras.

The next step is to show that the inclusion 4y — open (CZ), . of posets of marked opens
induces an equivalence at the level of constructible pointless factorization algebras. We factor
this inclusion through the disjoint union completion of Ly, i.e. as Uy — (LUp), = thy — CZ,
and claim that the corresponding two restriction functors

pl,cstr pl,cstr pl,cstr
Factgy,  — FACT ™ — FACTy (5.6)
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are equivalences. For the leftmost arrow of (5.6) observe that i, is a factorizing basis of
the presieve CZ so by Proposition [7.10f and Corollary [7.21f we get that the map is an
equivalence. For the rightmost arrow of one gets an equivalence

m,cstr =~ m,cstr
Alg ™ — Algu@ .

by Corollary (using that $ly is decomposable). To see that this restricts to an equivalence
of constructible pointless factorization algebras one uses Corollary [7.34] in a similar way to
how it is used in the proof of Proposition [5.5] That is, to show the marked Weiss condition
one instead shows that the copresheaf is a left Kan extensions from some suitable collection of
disks. This part is a straightforward adaptation of the ordinary (unmarked) proof by simply
restricting to the marked Weiss covers. g
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6. The oco-category of smooth conical marked manifolds

In this section we first define the co-category MAd™™ P in Section together with
its oo-subcategories Bsc™*Pi and Disks™™ P Then we go on to consider marked basics in
more detail in Section Lastly, in Section we establish a marked version of [AFT17al,
Lemma 2.21], which is needed in Section This section leverages a lot of set up and results
from the unmarked setting as developed in [AFT17b] and [AFT17al.

6.1. The co-category MAd™™ P, In this section we first recall from [AFT17b] §4.1]
how the ordinary category Mfld is enriched in KAN-complexes. Upon applying the simplicial
nerve this gives an honest oo-category Mfld. Building upon these constructions we also equip
MAd™™ P with a KaN-enriched structure. This defines an oo-category MAd™™* P of conically
smooth marked manifolds and embeddings which, in a suitable sense, are bijective on marked

points.
We first recall some basic definitions and setup from [AFT17bl §3 & 4].

Definition 6.1. Let STRAT denote the category whose objects are smooth conical manifolds
and morphisms are conically smooth maps.

Definition 6.2. Let X,Y and Z be smooth conical manifolds. We define
Stratz(X,Y) ={f: Zx X - ZxY |pryof=pry},

i.e. it is the set of commutative diagrams of conically smooth maps

ZXX—>Z><Y
\ / (6.1)

where pr, is the projection onto Z.

Notation 6.3. Recall that to give a map f into a product as in Definition we can
equivalently give two maps

fiirZxX—>Z7 and fo:ZxX =Y.

With this decomposition of f, the condition that the diagram (6.1)) commutes exactly corre-
sponds to f; = pry.

The category STRAT has finite products (JAFT17b, Corollary 3.4.10]) and conically
smooth maps compose. This makes the following definition well-defined.

Definition 6.4. [AFT17bl Definition 4.1.2] Let Strat define the following category enriched
over Fun(STRAT®P?, SET). Objects are smooth conical manifolds. For two such objects X and
Y, the presheaf of maps Strat(X,Y’) € Fun(STRAT®P, SET) assigns values

Strat(X,Y) == (Z — Stratz(X,Y)) .

Similarly, let Mfld denote the category enriched over Fun(STRATP, SET) whose objects are
smooth conical manifolds. For two such objects X and Y, the presheaf of maps is

MAd(X,Y) = <Z — MAdz (X, Y))
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where
MAdz(X,Y) = {f € Stratz(X,Y) | f is an open embedding}) .
To understand how the above presheaves of maps actually are KAN-complexes we also
need the following definition.

Definition 6.5. Define the standard cosimplicial manifold as the functor
A?: A — STRAT

given by assigning

[p] — AL = {t:{O,...,p}—>]R

p
Zti:1}.
=0

A.
With the above definition we see that restriction along A — STRAT defines a product-
preserving functor
(=), : Fun(STRAT®P,SET) — SSET , (6.2)
Ia

where SSET := Fun(A°P, SET) is the category of simplicial set.

Lemma 6.6. [AFT17b, Lemma 4.1.4] Let X andY be smooth conical manifolds. Both of the
simplicial sets Strat(X,Y)|, : [p] = Stratar(X,Y) and MAA(X,Y)|, : [p] — Mfdar(X,Y)

are KAN complezes.

N Ia®

From the above lemma and the (product-preserving) functor (6.2)) it follows that Strat
and Mfld are KAN-enriched categories, i.e. that the Fun(STRATP, SET)-enrichments restrict
to KAN-enrichments.

Notation 6.7. Upon applying the simplicial nerve functor (see [Lur09al §1.1.5]) we regard
the KAN-enriched categories here as co-categories. That is, we suppress the simplicial nerve
from the notation and write Mfld for the oco-category of smooth conical manifolds and em-
beddings. Here, the homotopies are given by conically smooth stratified isotopies. Similarly,
we also write

Bsc C Mild and Disks ¢ Mild

for the full co-subcategories whose objects are those smooth conical manifolds which are
conical disks (“basics”) respectively finite disjoint unions of conical disks.

We now turn towards defining marked variants of the above oco-categories. For this we
first need marked variants of Definition [6.1] and Definition 6.5

Definition 6.8. Let STRAT,, denote the following category. Objects are smooth conical
marked manifolds. Let (X™%, X) and (Y™, Y) be two objects. A morphism between them
is a conically smooth map f: X — Y which sends marked points to marked points, i.e. such
that we have a commuting diagram

f
erk | Ymrk

| [

x 1 vy

where f| = f\erk'
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Observation 6.9. Observe that the category STRAT, have products induced by the prod-
ucts of STRAT. The marked structure of the smooth conical product manifold is as in Exam-

ple [£.21]

Definition 6.10. Let X,Y and Z be smooth conical marked manifolds. Define
Strat™(X,Y) = {f € STRATZ(X,Y) | f|: (Z x X)™* — (Z x YV)"™*} ,

where f| = f (Zx Xy More explicitly, it is the set of commutative diagrams of conically

smooth maps that moreover sends marked points to marked points.

We are now ready to define the marked variant of Mfld we are interested in. Recall from
Definition what it means for an embedding to be bijective on marked points.

Definition 6.11. Let Mfd™*P"J be the following Fun(STRAT®®, , SET)-enriched category.

mrk’
Objects are smooth conical marked manifolds. Given two such objects (X™*, X) and (Y™, Y),

the presheaf of morphisms is
Mﬂdmrk,bij ((erk X) (anrk Y)) —
<(Zmrk, Z)—{feMidz(X,Y) | f is bijective on marked points}> .
For notational simplicity we will often omit the marked points when writing out the presheaf
of morphisms, i.e. simply abbreviate it by MfAd™Pil (X,Y).

Remark 6.12. If Z™% = () the bijective on marked points condition of the embedding
f:ZxX — ZxY as above is vacuous. The same is true whenever X™™* = () and Y™k = (.
Now consider Z™% =£ (). To check that f is bijective on marked points it is a priori necessary
to check that for each z € Z™™ the map f2\{z}xx : {z} x X — Y is bijective on marked points,

where f5 is as in Notation [6.3] However, since f is a stratified embedding it automatically
“preserves” marked points. See also Remark [6.17] for a more explicit example of this. Thus
it is sufficient to check the condition for only one marked point z € Z™k,

We also need to give the standard cosimplicial manifold a marked structure.

Definition 6.13. Define the marked standard cosimplicial manifold as the functor
APt A — STRAT 1k

given by assigning

o Al = {6 (0 R

p
Ztizl}.
=0

yoreoveg, Aﬁlrk has p marked points placed at ¢; = 1 (and hence tjx; = 0) for each i €
0,...,p}.

Note that in the above definition we implicitly equip Afnrk with a O-dimensional strata
which is equal to the marked points. As before, restriction along A$ , defines a product-
preserving functor

(=), Fun(STRAT)Y, , SET) — SSET . (6.3)

We now want to prove that the presheaf of morphisms in Definition [6.11] restricts to KAN
complexes.
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Lemma 6.14. Let (X™, X) and (Y™,Y) be two smooth conical marked manifolds. The
simplicial set MAd™ P (X, V)|t A% — SET is a KAN complex.
PROOF. Since Mfld(X, Y)| Alsa Kan complex, the claim follows if we can show that
MAd™P (X, V)| — MA(X, )|,

is a Kan fibration. Let p > 1 and fix some 0 < i < p. We need to find a dashed lift for any
map which makes the outer square below commute

A —— MAA™SM (X, V)|

j ” i . (6.4)

AP ﬁ Mfd (X,Y) |,

Explicitly, we have a p-simplex f: X x A? . — Y x AP | in Mfd (X,Y) A such that for
each subset ¢ ¢ S C [p| the composite A[S] — Alp] — Mfd(X,Y), factors through

MAQ=PT (X Y) |- This simply corresponds to knowing that f is bijective on marked
points for all marked points apart from ¢; = 1. Since it is sufficient to check this for exactly
one marked point of A? . (Remark[6.12) it immediately follows that f lifts to be a p-simplex

mrk

in MfAd™P (X)) |A» and we are done. O
Remark 6.15. When the cardinality of X mrk and Y™K do not agree we immediately have
that MfAdmrkPy ((erk,X) , (Ymrk,Y)) A = (). In that case there is no non-trivial f as

in (6.4) and the above proof reduces to the observation that the trivial fibration is a Kan
fibration.

From Lemma and the product-preserving functor in Equation (6.3]) it follows that
MAd™™P s also a KAN-enriched category.

Notation 6.16. Following Notation we double-book notation and also write MAq™* Pl
for the oco-category of smooth conical marked manifolds. Homotopies are again given by
conically smooth stratified isotopies. Similarly, we write

.Bscmrk,bij C Mﬂdmrk,bij and Disksmrk,bij C Mﬂdmrk,bij

for the full co-subcategories whose objects are those smooth conical marked manifolds which
are conical marked disks (“marked basics”), respectively finite disjoint unions of conical

marked disks.

Remark 6.17. Let us explain in some more words how to think about the oo-category
MAd™EPI or rather its simplicial set of morphisms MAd™ P (X V) |a- For [p] = [0] we
have that A(r)nrk = {1} C R, and that single point is also marked. Hence, an 0-simplex of the
simplicial hom-set is given by a map fs: X X A?nrk — Y which induces a bijection on marked
points of X and Y.

For [p] = [1] we have the line A® . = {t; 4+ t; = 1} C R? marked at its two endpoints
(1,0) and (0,1). A 1-simplex corresponds to an embedding fo: X x Al . — YV giving rise
to a stratified isotopy. Moreover, at either of the marked points we need to ensure that fo
induces a bijection on marked points of X and Y. Once we have this the bijection at the
other marked point is automatic because fo is a stratified embedding and hence is forced to
respect this condition. This kind of observation also holds for all higher simplicies.
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6.2. Marked basics are also easy. In this subsection we want to understand the oo-
category Bsc™ Pl in more detail. In particular, we will establish results analogous to those
of [AFTI1T7D, §4.3] for Bsc. The main result is Theorem which explains in what sense
we can think of the co-category Bsc™™ Pl as a poset of (marked) singularity types.

Before we start with the main results we recall some basic setup from [AFT17b|. For the
following definition we use the notion of Lebesgue covering dimension. For example, in the
case of an n-dimensional manifold the Lebesgue covering dimension is n as long as n > —1.

Definition 6.18 (Dimension). [AFT17bl Definition 2.4.1] Let X = (X — P) be a non-
empty conical manifold. The local dimension of X at z, denoted as dim,(X), is the covering
dimension of X at x. We define the dimension of X to be

dim(X) = sup,¢ x dimg(X) .
If the local dimension of X is constantly n we say that X has pure dimension n. Moreover,

we use the convention that the dimension of §) is —1.

Definition 6.19 (Depth). [AFT17b, Definition 2.4.4] Let X = (X 5, P) be a non-empty
conical manifold. The local depth of X at x is

i.e. it is the difference between the local dimension of X at x and the local dimension at = of
the stratum of X in which x belongs. The depth of X, denoted depth(X), is the supremum
over the local depths of X. We use the convention that the depth of @) is —1.

Example 6.20. Consider the leftmost conical manifold X of Figure [3] from Example
The local depth of X at x chosen to be any of the points, i.e. O-dimensional strata, is 2—0 = 2.
If we choose = to be any point of the lines (i.e. the 1-dimensional strata) we instead get that
the local depth is 2 — 1 = 1, while for  any point in the bulk the local depth is 0. In total
we learn that the depth of X is 2.

Example 6.21. Let U = RixCZ be a (marked) basic. It follows that depth(U) = dim(Z)+1.
If we have an open embedding X < Y of (marked) conical manifolds then it follows that

dim(X) < dim(Y), and depth(X) < depth(Y) .

We now introduce some notation for the set of isomorphism classes of the ordinary (un-
enriched) category Bsc™ bi:

Notation 6.22. Write
[‘BSCmrk’bij] — {[(Umrk’ U)] ‘ (Umrk, U) e Bscmrk,bij}

mrk,bij

for the set of isomorphism classes of objects of Bsc , the ordinary (un-enriched) oo-

category of marked basics.
The above set comes equipped with the relation
(W™= o)L, (v, v)) |3, u) — (v, v) | (6.5)

consisting of those pairs of isomorphism classes for which there is a morphism between repre-
sentatives. Recall that morphisms here are embeddings which are bijective on marked points.
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Observation 6.23. For any object (U™, U) € Bsc™™*P il we have
Bsc™r kP (Umrk ), (U™, U)) ~ Bse(U, U)
because the bijectivity on marked points is automatic for any open embedding in this situation.

Notation 6.24. Let Z denote the (discrete) category with two objects ) and 1 and no non-
trivial morphisms.

The theorem below is a modification of [AFT17bl Theorem 4.3.1] to the marked setting.

THEOREM 6.25 (Marked basics are also easy).
(1) For each object U = (U™, U) € Bsc™™ P with U = R x CZ, the inclusion of Kan
monoids

O(R') x Aut(Z) — Bsc™ PI(U™*,U), (U™, U))

is a homotopy equivalence. In particular, Bsc™ P ((U™rk 1), (U™k U)) is group-
like.

(2) Let (U™ U) ER (VK V) be a morphism in Bsc™ %P Then evactly one of the
following are true:

(a) f is an equivalence in the co-category Bsc
(b) The depth of U is strictly less than the depth of V.

(3) The relation on [Bsc™™ ] s q partial order.

(4) The canonical functor between co-categories [—]: Bsc™™ Pl — [Bsc™rPii] s conser-
vative. In other words, a morphism f: (U™* U) — (V™K V) in the oo-category
Bsc™ D s an equivalence if and only if (U™, U) and (V™% V) are isomorphic in
BSCmrk’bi‘j.

mrk;bij

(5) The map of sets my x depth: [Bsc™™*PU] — T x Zsq is a map of posets, where
the latter is given the product order. In other words, the existence of a morphism
U™k U) — (V™R V) dmplies depth(U) < depth(V) and mo(U) = mo(V).

PROOF.

(1) Because of Observation[6.23]this follows immediately from [AFT17b| Theorem 4.3.1
(1),

(2) Let U = R! x CZ and V = R7 x CY be two marked basics. The only cases not
covered by [AFT17bl Theorem 4.3.1 (2)] are embeddings f: U — V where both U
and V have a marked point, which forces ¢ = 0 = j. The embedding f then satisfies
the condition of [AFT17bl Lemma 4.3.7 (2)] making it an equivalence.

(3) Again, the only embeddings U — V not already covered by [AFT17b, Theorem
4.3.1 (3)] are those where both U and V' have one marked point. As just explained
U and V are then equivalent, so [Bsc™™*:Pl] is indeed also a poset.

(4) Follows immediately from [AFT17b, Lemma 4.3.7] and the special case where U —
V both have a marked point as explained above.

(5) Given amap f: U — V in Bsc™™ Pl it follows that mo(U™¥) = 7o (V™) because f
has to induce a bijection on the marked points. If U™* = V™ £ () we know that
depth(U) = depth(V'), otherwise we are in the situation of [AFT17bl Theorem 4.3.1
(5)]. Hence, we indeed have a map of posets when taking into account the marked
points.

O

MNote that this implies that the depth of U and V are equal.
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Remark 6.26. We summarize how [Bsc™™ "] from Notation diﬁers from the analogous
notion for Bsc. First recall that only basics with a 0-dimensional strata can be marked, c.f.
Remark [£.29] Hence, each of those basics give rise to two isomorphism classes corresponding
to either marking the cone point or not. There is no morphism between these two choices
as the number of marked points are different. To summarize, we can think of [Bsc™™P ] as
(the poset) [Bsc| plus an additional isomorphism class for each “pure cone”, i.e. basic with
0-dimensional strata.

We now recall the following result from the unmarked setting which tells us that points
in stratified spaces have a unique local type.

Corollary 6.27 (Unique local types). [AFT17b, Corollary 4.3.2] Let X be a stratified space
and let € X be a point. Let (U,0) — (X,z) <« (V,0) be two coordinate charts about x.
Then there is an isomorphism U = V. In particular, writing U = R*xCZ and V = R/ x CY,
we have 1 =3 and Z =Y.

Remark 6.28. If in the above setting we consider X to also be marked, and give U and
V' the inherited marking (see Remark , it immediately follows that U and V also are
isomorphic as marked basics. Hence, we conclude that every point in a stratified marked
space comes with a unique marked local type as well.

We now recall what the stratum of a specific local type of an ordinary, i.e. unmarked,
conical manifold is.

Definition 6.29. [AFT17bl Definition 4.4.5] Let U = R? x CZ be a basic, and let X be a
conical manifold. Denote the pullback topological space

X[U} — X
!
{lU]} —— [Bsc]

and refer to it as the [U]-stratum of X. In words it is the locus of those points in X about
which embeddings U < X form a local base. The topological space Xy is moreover a
smooth manifold of dimension dim(U) — depth(U).

We now want a marked version of the above. Let (X™rk X) be a marked conical manifold
and let (U™ ), with U = Rix CZ, be a marked basic. Let X[y be as in Definition We
can then equip X[y with an inherited marked structure by pulling back that of X. Explicitly,
we have

X[U] mrk Xrnrk

| - j (6.6)

Xy — X

Definition 6.30. Assume we are in the above situation and let ¢: X [U]mrk — X[y] be the
map from .

(1) If X[U]mrk = () we define Xy 1) == X[y)-

(2) If X[U]mrk 7& @ we deﬁne X[*,U] = 1m(L) C X[U] and X[(Z),U] = X[U] \lm([,)
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In words this corresponds to thinking about Xpg ¢ as the [0}, U]-stratum of (X mrk ' X) | while
Xy,v) is the (x,U)-stratum of (X™rk X)) i.e. it takes into account whether the basic U is
marked or not. We will refer to this as the marked [U]-stratum of X.

Remark 6.31. It is an immediate consequence of the definition that Xy = Xg, 1) [ X[w 0]
whenever U is a basic with 0-dimensional strata.

Remark 6.32. Let X be maximally marked (Definition and let U = CZ be a basic
which appears in X. A consequence of X being maximally marked is that X, ;1 = X[y,
where the former refers to the marked [U]-strata of the marked space X and the latter is the
ordinary [Ul-strata of X after forgetting about the marked structure.

mrk,bij

6.3. Computing the marked slice Disks /x- We now want to understand the

underlying co-groupoid of the slice Disks™Pi /x, for X some conically smooth maximally
marked manifold. This will be needed in Section [[.2] where we aim to understand what the
localization of certain poset of marked opens is. We start by considering the (unmarked)
result from [AFT17al, before building upon that proof to get a marked (and bijective on
marked point) variant.

Below we use B for the classifying space functor. The following is an immediate variation
of the first part of [AFT17a, Lemma 2.21]. The only difference is that Bsc™*Pi contains
more isomorphism classes than Bsc exactly corresponding to counting every basic which is a
“pure cone” twice as explained in Remark However, their automorphisms are the same
regardless of working with marked points or not, which gives that the following lemma follows
immediately from the equivalent unmarked statement.

Lemma 6.33. [AFT17al, Lemma 2.21] The mazimal co-subgroupoid of Disks™ Pl js

(@isksmrkvbﬁ)’ ~ JTTIB (Ek tEnds(Uy) |
) iel
where B = Bsc™KPi - The coproduct is indexed by the isomorphism classes of finite disjoint
unions of objects of B, whose connected components are grouped according to isomorphism
type.
Notation 6.34. For a topological space Y we write Conf(Y") for the unordered configuration
space of k points in Y.

Lemma above is in fact only the first half of [AFT17a, Lemma 2.21]. We now recall
the second half of the statement. This is what we will work to generalize to the marked
setting in the rest of this section.

Lemma 6.35. [AFT17al Lemma 2.21] The underlying oco-groupoid of Disks,x is identified
with the space
('DiSkS/X)2 i H H Confkl. (X[UZ]) s (67)
] iel
where the coproduct ranges over the isomorphism classes of disjoint unions of conical disks.

Remark 6.36. From the proof of [AFT17a, Lemma 2.21] one can extract an explicit de-
scription of the equivalence (6.7): An embedding (¢: U = [], ki x U; — X) is sent to the
tuple of configurations (¢(S;))i, where each S; = {x1,...,xy,} contains precisely one point
xj € (UZ-)[U” in the deepest stratum of each of the k; copies of U;. This is well-defined because
the space of such configurations .S; is contractible.
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Before turning to the marked version of the above we need to introduce some terminology.

Definition 6.37. Let D € Disks™ Pl and X € MAA™®PI. We say that D has the same
marked points as X if there exists at least one embedding D — X that is bijective on marked
points.

Note that we can only have an embedding as above which is bijective on marked points
if D contains all the marked basics of X which have a marked points. We make this more
explicit through an example.

Example 6.38. Let us keep considering the (conically smooth) stratified manifolds of Fig-
ure [3] where both manifolds are now maximally marked. Recall that the rightmost space of
Figure [3| is in fact a marked basic, which we denote by B. An object D € Disks™™® Pl hasg
the same marked points as B if it is of the form D = BII D', where D’ € Disks™* Pl is any
other disk appearing in B.

Let X denote the leftmost space of Figure [3l For an object D € Disks™™ Pl to have the
same marked points as X it has to be of the form D = 5 x B[ D', where D’ € Disks™*:Pil
is any finite disjoint union of basics without 0-dimensional strata which appears in X.

Let U € Bsc and let Auto(U) denote the sub-KAN-monoid of Bsc(U,U) from [AFT17b)
Definition 4.3.3]. In words it is given by the simplicies which fix “the origin” of U. For
example if U = CZ “the origin” of U corresponds to the cone point. It is moreover shown
in [AFT17b, Lemma 4.3.6] that Autg(U) and Bsc(U,U) have equivalent underlying KAN
complexes, which we use in the proof below.

We are now ready to consider the marked version of Lemma [6.35

Lemma 6.39. Let X be a smooth conical marked manifold that is mazimally marked. Then
the underlying oco-groupoid of the overcategory Disksmrk’bu/x is identified as the space

mrk,bij
(@181{8 ey ) H H Confy, (X @, ] (6.8)
(0] €l
where the coproduct runs over all isomorphism classes with the same marked points as X.
Proor. Consider
(Disksmkbi ) = T MAd™ (D, X) o

Disksmrk,bij (U)

[v]

~ H Mﬂdmrk,bl.] (U, X)AUtDisksmrk’bij (6)
0]

= H Mﬂd U X)AUtDlgksmrk bij (17)
0]

~ H H Mﬂd(Uzkza AUtDlsksmrk bij (77) )
[fj] iel

where [U] = (Lics ki U;] runs over all isomorphism classes with the same marked points

as X. The first equivalence is Lemma for D := Disks™ Pl and € := MAd™ P The
second equivalence follows from MAd™™ (U, X)) A being trivial whenever U is not an iso-
morphism type with the same marked points as X, c.f. Remark The third equivalence
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is a consequence of X being maximally marked and having restricted the isomorphism types;
in this case the bijective on marked points condition is automatically satisfied for any strat-
ified embedding. The last equivalence corresponds to the unmarked setting as in [AFT17al
Lemma 2.21], where it is used that Mfld comes from a KAN-enriched category.
Since endomorphisms of a marked basic automatically are bijective on marked points we
have B B B
Attty et (U) = B (z,ﬁ zEndBSka,bij(Ui)) ~B (zki ZEndBSC(Ui)) :

Moreover, by [AFTL7b, Lemma 4.3.6] the inclusion of KAN-groups Auto(U;) — Endgg.(U;)
is an equivalence of underlying KAN complexes.

In total, this means that the statement of the lemma follows if we can show that, for each
finite set k; and easy basic U; as above, the ¥, -equivariant map which is evaluation at each

center of (71

eV(O)jeki : MapMﬂdmrk,bij ((71—[ i X =, Confk,- (X

(3 Y )AUtO(ij)kZ [[71])
is an equivalence of ¥y -spaces. This is exactly the second half of the proof of [AFT17al,
Lemma 2.21], so we are done. O

Remark 6.40. Note that since we use the proof of [AFT17al, Lemma 2.21] above the same
remark as in Remark regarding an explicit description of the equivalence holds.
The only difference is in the marked setting we restrict to isomorphism classes U with the
same marked points as X.
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7. Toolbox for (constructible) pointless factorization algebras

In this section we explain how the toolbox of gluing-techniques for (constructible) or-
dinary factorization algebras from [KSW24| §4 & §5] translates to yield similar results for
(constructible) pointless factorization algebras. We have gathered the results which are (more
or less) straightforward to adapt to the pointless setting in Section This includes the com-
putation of a (homotopy) colimit of co-operads of marked opens coming for an open cover,
extending pointless factorization algebras from factorizing bases, extending multiplicative
pointless prefactorization algebras to disjoint union completions as well as constructibility
being a local property.

Then in Section we compute the localization of a certain poset of marked opens at its
isotopy equivalences. This uses the co-category Disks™*-Pil (as well as the slice Disks™rkPil V)
from Section [6] so we here include full details as they differ from those in the ordinary setting
(IKSW24| §5.2]). For the same reason we also include all details in Section where we
establish that constructibility implies the marked Weiss cosheaf condition on marked disks.

7.1. Adaptation of tools for ordinary (constructible) factorization algebras.
In this section we explain how many of the tools for ordinary (constructible) factorization
algebras from [KSW24l §4 & §5.1] carry over to the pointless setting. In more detail, we
first recall how to compute a (homotopy) colimit of co-operads in Section coming from
an open cover. Then we explain how pointless factorization algebras can be extended from
factorizing bases in Section In Section we explain that, just like ordinary multi-
plicative algebras, the pointless multiplicative algebras extend to disjoint union completions.
Lastly, in Section [7.1.4] we recall that constructibility is a property that can be checked locally,
i.e. for some open cover.

7.1.1. A colimit of co-operads of marked opens. Here we explain that the results of
[KSW24, §4.2] translate to the pointless setting. In particular, this corresponds to under-
standing a certain (homotopy) colimit of co-operads of marked opens coming from an open
cover. This section relies on the model of dendroidal sets, and the reader not familiar with
this theory can get a brief introduction in Appendix

First recall that the category of dendroidal sets is defined to be the presheaf category
DSET = Fun(Q°P,SET). Here Q is the (full subcategory) of symmetric trees Q — OPD’,
where OPD’ denotes the (1,1)-category of operads and isomorphisms (c.f. Notation [A.20).
The corresponding dendroidal nerve functor

Ng: OPD’ — DSET

is defined by N4q(O)(T) = OpPD/(T, ), i.e. it selects operations of shape T in the operad O.
See Example for an example of this coming from a poset of marked opens. Before giving
the colimit cube arising from an open cover that we are working with in this section we need
to introduce some new notation.

Definition 7.1. Let U be a precover (of X). Define open (U )mrk C open(X)mrx to be the
full subposet whose objects are non-empty marked opens that are objects in open (U;) for
some U; € U, and morphisms are all marked inclusions between such opens.

Note that open_.4(U)mik = open (U),, \ {0}, where open (i), is that of Definition
Moreover, the above definition reduces to Definition in the special case of the precover
U consisting of a single open.

mrk
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Remark 7.2. We stress that openﬂ(Z/{)mrk is the marked analogue of the restricted sieve,
denoted U, in the ordinary unmarked setting (c.f. [KSW24, Definition 4.6]). Working with
U, \ {0} is, because of the marked inclusions, too restrictive on objects.

Let U = {U;}i<p be an open cover of X, and let Uy = [;c; U; for any finite subset
I C B. The first goal of this subsection is to “glue” pointless prefactorization algebras F; on
Open;é@(U 7)mrk together to give a pointless prefactorization algebra on the bigger full subposet
open (U) k- For this we work with the following S-cube in DSET:

Na(open_ (—)2 1) PeP(B) — DSET (7.1)
&
).

I'— Na(openg (Ur)
In more detail, the colimit coming from an open cover U takes the shape of a (punctured)
cube. Moreover, to avoid finiteness assumptions on the open covers we work with, we will
even work with transfinite cubes. For details regarding these transfinite cubes and when they

compute the homotopy colimit we refer the reader to [KSW24, Appendix C].

Lemma 7.3. [KSW24, Lemma 4.9] The cube ([7.1)) induces an isomorphism

%%hlgl Na(open_y (Ur)i) — Na(open_y (U)5q)

of dendroidal sets, and the strict colimit coincides with the homotopy colimit.

Remark 7.4. The main reason the above lemma holds both when working with ordinary
opens as well as the marked version here is that all the maps in the cube are cofibrations
in the model structure on dendroidal sets. The way one sees that the maps are cofibrations
is by first noticing that all the maps in the cube are monomorphisms. Moreover, since we
have excluded the empty set they are even monomorphisms between normal dendroidal sets,
making them normal monomorphisms (i.e. cofibrations). See Theorem Example
and Remark for details on this.

We now want to move away from the model category of dendroidal sets. There are a
string of comparison results between the different models of co-operads as recalled in Re-
mark In particular, the homotopy theory of Lurie’s oco-operads is (Quillen) equivalent
to that of dendroidal sets which immediately gives that the inclusions Ur C |J,¢ 3 Ui induce
an equivalence of oo-operads

®

mrk

Z, open_ (Z/{)®

mrk

colim open U
o0 p 7&@( I)

At the level of algebras, or in this setting pointless prefactorization algebras, we then get:
Corollary 7.5. [KSW24, Corollary 4.11] Restriction induces an equivalence of co-categories
(7.2)

mrk

Algopen;ﬁ@ U) e — ,BIDHIT;IQQ) Algopen?g@ (Ur)

So far in this section we have worked with posets of marked opens, like open_p (U) .
that do not contain the empty set. However, ultimately the results we want should be given
for the version of the posets of marked opens also containing the empty set like open (i), ;.
For this we first restrict the equivalence to the multiplicative subcategories giving an
equivalence ([KSW24| Lemma 4.12)):

= m
mrk BDI20 lgopen#w(UI)mrk : (7.3)
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Then we note that the proof of the lemma below immediately carries over to the marked
setting.

Lemma 7.6. [KSW24| Lemma 4.13] Let B be a poset of marked opens. Restriction induces
an equivalence of co-categories

Heuristically, this corresponds to the observation that the value of a multiplicative algebra
on the empty set is always the monoidal unit, and hence carries no non-trivial information.
Combining the equivalence ([7.3)) with the above lemma one in turn obtains an equivalence
(IKSW24| Corollary 4.14)):

(7.4)

)mrk ’

That is, we have added in the empty set to the poset of marked opens on both sides of
(7.3) using multiplicativity. By a rather straightforward argument we then get the analogous
equivalence at the level of (constructible) pointless factorization algebras:

Proposition 7.7. [KSW24, Proposition 4.15 & Corollary 4.16]  The equivalence ([7.4))

restricts to equivalences of pointless factorization algebras, respectively constructible pointless

factorization algebras. Fxplicitly, we have
ess

FacrP'ess = lim FACTI,’JII and FAC

” Tpl,cstr = lim FACTpl,cstr
Open( )mrk ﬁj[;@

open(U) .k 5120 open(Ur) ke
7.1.2. Extending from factorizing bases. Let 8 be a factorizing basis of the poset of
marked opens . Then we can extend a pointless B-factorization algebra to a pointless -
factorization algebra. This is afforded by an operadic left Kan extension, and even gives rise
to an equivalence between the corresponding co-categories of pointless factorization algebras.
This extension result is well-known for ordinary factorization algebras, c.f. [CG17, §3 Chapter
7.2] in the setting of C = CHAIN, or [KSW24| §4.3] for a general target category. We here
explain how the latter proof directly translates to the pointless setting.

Consider 4 and B two posets of marked opens. Any map ¢: B — 4 gives rise to an
adjunction

u: Algy(C) = Algy(C): (7.5)

where the right adjoint +* is given by restriction, and the left adjoint ¢ is given by operadic
left Kan extension. The reader unfamiliar with the theory of operadic left Kan extensions
can find a brief recollection of important definitions and facts in Appendix [A.6

In other words, if we have a factorizing basis B of 4l we immediately get an adjunction
at the level of pointless prefactorization algebras. Moreover, this restricts to an equivalence
at the level of marked Weiss algebras.

Proposition 7.8. [KSW24| Proposition 4.17] Let 4 and B be two posets of marked opens,
where 3 is a presieve and B is a factorizing basis of . Then restriction induces an equivalence

O AngVeiss =, Alg\geiss
Remark 7.9. The main ingredients for proving this proposition are Proposition [3.31] and
[KSW24, Lemma B.3|. The former is a marked version of [KSW24| Proposition 2.54] which
essentially captures how well left Kan extensions from factorizing bases interact with the

(marked) Weiss cosheaf condition. The latter is a lemma giving a condition on the co-operads
ensuring that ordinary and operadic left Kan extensions are compatible.



7. TOOLBOX FOR (CONSTRUCTIBLE) POINTLESS FACTORIZATION ALGEBRAS 65

We also have that the established equivalence restricts to pointless factorization algebras
in the same way as for ordinary factorization algebras.

Proposition 7.10. [KSW24| Proposition 4.18] Let il and B be two posets of marked opens,
where $L is a presieve and B is a factorizing basis of . Then the equivalence in Proposition|[7.8
restricts to an equivalence
U FACTR®® 2 FacTi®™.

Remark 7.11. Just like for ordinary factorization algebras, the marked Weiss condition is
crucial to make the above argument work. We refer the reader to [KSW24| Example 4.20]
for a concrete example of how just having a multiplicative algebra on 8 does not give a
multiplicative structure on the (operadic) left Kan extension without the extra condition of
working with Weiss algebras.

Example 7.12. Recall Example There Y, is a factorizing basis of open (R),, so by
Proposition we can extend A and M to pointless factorization algebras on all of R.

7.1.3. Extending multiplicative algebras to disjoint union completion. Let B be a
poset of marked opens that moreover is decomposable. In this section we explain that multi-
plicative pointless prefactorization algebras can be extended to the disjoint union completion
B, just like in the ordinary setting from [KSW24l| §4.4].

We start by giving the main statement. For this, recall from Definition that a poset
of marked opens B is called decomposable if for any open blb' € B with b # () # V' it follows
that b € B and b’ € B, i.e. one can “decompose” disjoint unions.

Proposition 7.13. [KSW24, Proposition 4.21] Let B — By, be the inclusion of a decom-
posable poset of marked opens into its disjoint union completion. Then the adjunction ((7.5))
restricts to an equivalence of co-categories

Algh = Algh . (7.6)

PRrROOF. Recall that the pointless version, i.e. working with marked opens, is not a formal
consequence of the corresponding statements for ordinary opens because open(X ),k is not
a full subposet of open(X). However, the same arguments work ad verbatim apart from that
of [KSW24|, Corollary 4.37] where it is used that () € open(X) is an initial element. Hence,
we require a new argument which does not rely on the empty set being initial. This is the
content of Lemma [Z.18] O

Remark 7.14. The intuition for why all of the arguments of [KSW24] carry over to the
marked setting is first of all that all cocartesian morphisms inherently correspond to marked
inclusions. Moreover, since we always start with a morphism of B% we already have the cor-
responding marked inclusions, and hence arguments which manipulate how active morphisms
can be decomposed (e.g. into an active followed by a cocartesian morphism) inherently work
also in the marked setting.

A special instance of Proposition is if B is a poset of marked opens all of whose
objects are connected. Then restriction induces an equivalence ([KSW24l Corollary 4.22])

Alggu = Algy .

This is immediate because B contains no non-trivial cocartesian arrows. It also follows
directly that the equivalence restricts to constructible pointless prefactorization algebras,
since constructibility is something that is checked at the level of connected disks.
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Corollary 7.15. [KSW24, Corollary 4.24] Assume that X is a conical manifold. Let B be a
decomposable poset of marked opens. Then the equivalence in (7.6 restricts to an equivalence

Alggistr E_) Algg’CStr ]

Before we turn towards the one intermediate result we need to provide a separate proof
for, let us comment on the key steps for the proof in [KSW24]. The first step addresses
the main difficultly, namely to understand why the operadic left Kan extension of a multi-
plicative pointless prefactorization algebra on 95 is again multiplicative. For this the key tool
is to leverage the (operadic) colimit computing the operadic left Kan extension (as given in
Equation ), and simplify the corresponding diagram in a way that allows for using the
multiplicativity condition. Hence, many of the preliminary results of [KSW24!| §4.4] involves
colimit cofinality statements between categories of active maps, and factorizations of active
maps into an active map followed by a cocartesian one.

Being more precise, the previous step is actually proven for 8’ = B\ {0}, i.e. a decompos-
able poset of marked opens which does not contain the empty set. This is to avoid anomalies
of some of the constructions used. For an explicit example of this see e.g. Construction [7.17
below. Hence, the second step is to add the empty set back in using Lemma [7.6

We now turn towards the argument that needs to be modified to work in the marked /pointless
setting. To be able to give the precise statement we first need to recall some notation and
basic constructions from [KSW24].

Notation 7.16. Let R be a poset of marked opens, with corresponding co-operad R®. Let
7y : R® — FIN, denote the forgetful functor down to finite pointed sets.

e Objects of R® are abbreviated by only the finite tuple, i.e. ¥ = (I;,7), where
7 = (ri)ier- A 1-tuple is simply denoted by r = (14, (r)).

For an object 7 as above we denote by 7(7) = I the subset of 71 () = I where the
base point, +, is discarded.

|
If an edge is cocartesian we label the arrow by —.
Let B — 2R be an inclusion of posets of marked opens, and fix some 7 € R®. We
denote the category of active-cocartesian arrows from B® into 7 by

{T=7) C B,
where it is implicit that € 8% varies. The morphisms are active-cocartesian maps
# L ¥ such that the obvious triangle commutes.
One of the key tricks to get a better handle on the opens and inclusions is to think of

them in terms of the equivalence classes they induce on (the fundamental group of) their
target open.

Construction 7.17. Let R be a poset of marked opens. All objects and morphisms here
are in R®. From an active-cocartesian map «: t — 7 one gets an equivalence relation ~, on

mo(r) of the forrrﬁ
wztfiw“ s 7r0(7“):Hﬂo(ti)—»\ﬁ:{ieﬂfﬂti#@}.

iem(t)

151f o is just active we also get a similar equivalence relation after transitively completing. See [KSW24]
Construction 4.28 (1)] for details.
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That is, the equivalence relation corresponds to the “partitioning” of mo(r) into at most 7 (¢)
parts. Moreover, if all entries of ¢ are non-empty the data of this partitioning of mo(r) is
equivalent to the data of the active-cocartesian arrow .

Let B <— R be an inclusion of posets of marked opens with () ¢ B, and fix r € R. From
[KSW24| Lemma 4.31] we get that the assignment v —~ of Construction yields a fully
faithful embedding

.
{t =r}— {N on (1) | |7r0(7")/N] < oo} , (7.7)
where the category on the left is that of Notation and on the right we have the poset

of equivalence relations on 7y(r) with finitely many equivalence classes. The inverse functor
sends an equivalence relation ~ on 7y(r) to the cocartesian arrow

(1. (UV), ) — (w0, (7.8)

where I = mo(r) /.. is the finite set of equivalence classes of NH
We can now give the lemma which requires a separate argument in the marked setting.

Lemma 7.18. Let B — R be an inclusion of posets of marked opens, where B is decompos-
able and O ¢ B. Fiz some object ¥ € R®. The category of active-cocartesian maps from B%

mto T, i.e. {f; T} from Notation s either empty or weakly contractible.

PROOF. Assuming the category to be non-empty, let £ - r and - r be two objects. By
the fully faithful embedding of this corresponds to two equivalence classes ~, and ~.,
on my(r). The intersection ~, N ~,s defines a third equivalence relation which we denote by
~i. Since we assumed B to be decomposable, it follows that the inverse functor assignment
from Equation is well-defined on the equivalence relation ~,~. Hence, we see that the
category of cocartesian maps into r is cofiltered and thus weakly contractible. O

7.1.4. Constructibility is local. In this section we recall that constructibility is a property
of a pointless factorization algebra that can be checked locally, i.e. for some open cover. The
idea of this proof comes from [Ginl5l Proposition 13 & 24], and was adapted to conically
stratified spaces in [KSW24l §5.1]. The latter directly modifies to the pointless setting.

Definition 7.19. Let A be a pointless factorization algebra on a marked space X. We say
that A is locally constructible if there exists some open cover U of X such that for each U € U
the restriction A, y is a constructible pointless factorization algebra on U.

THEOREM 7.20 (Constructibility is local). [KSW24| Theorem 5.2] Let M be a conical
marked manifold with enough good marked disks, and let A be a pointless factorization algebra
on M. Then A is constructible if and only if it is locally constructible.

We briefly explain the key part of the proof corresponding to [KSW24| Lemma 5.5] and
then explain why this translates to the marked setting. Let A be a pointless factorization
algebra on the stratified space D := CX x R", for some n € IN. Further assume that A is
constructible away from the cone point, i.e. on D\ {0}. Then, for every 0 < ¢ < oo, the
marked inclusion

Dt = CtX X Bt(O) —"CX xR"=D

6Note that this is well-defined only on the full subposet of those equivalence relations ~ such that for
each equivalence class V' € mo(r),~ the disjoint unions (JV lie in B.
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is A-local. To prove this one picks a convenient Weiss cover W consisting of sectors and
disks; an example of two such sectors appearing for the cone of S! is illustrated in Figure
In essence, W is tailored to be able to use the constructibility away from the cone point to
iteratively get A-locality for inclusions Dy <™ Dy,.. This adapts straightforwardly to the
marked setting by modifying W to get a marked Weiss cover W. Briefly, this only corresponds
to ensuring that we actually have a marked cover, i.e. that all opens of the marked Weiss
cover contains the cone point (in the case where it is marked).

FIGURE 5. An illustration of the (blue) cones of S!, with two stratified points,

of radius ¢ and ¢ + . Additionally, the inclusion of two (red) “sectors”
St—et(U) = Si—c14e(U) as in the proof of [KSW24, Lemma 5.5].

The following consequence of Theorem states that constructibility is only a non-
vacuous condition away from the O-dimensional strata. The modifications to account for
marked points here are the same as for Theorem

Corollary 7.21. [KSW24| Corollary 5.7] Let M be a conical marked manifold with enough
good marked disks and let A be a pointless factorization algebra on M. Let S be the union of

all 0-dimensional strata of M and assume A is constructible on M\S. Then A is constructible
on all of M.

Remark 7.22. Corollary tells us that in the setting of pointless factorization algebras
constructibility does not depend on marked inclusions and marked Weiss covers. Explicitly,
since the marked points by definition are a subset of the O-dimensional strata we get that
it is sufficient to check A-locality for (ordinary) inclusions of opens that contains no marked
points to establish constructibility of a pointless factorization algebra.

7.2. Localizing at isotopy equivalences. In this section we wish to extend the localization-
result of [KSW24!| §5.2] to our marked setting. That is, we want to understand what we get
from localizing a certain poset of marked opens at all of the subordinate isotopy equivalences.
This was first worked out in the unmarked setting for the poset of opens being all disks in
[AFT17a], and then generalized to the stratified setting as well as using smaller poset of
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opens in [KSW24| Theorem 5.10]. We stress that because the nature of marked inclusions
is different from that of ordinary inclusions the main result of this section, Theorem
differs from the statement of [KSW24l Theorem 5.10].

We first define what we mean by isotopy equivalences subordinate to some poset of marked
opens.

Definition 7.23. Let B be a poset of marked opens of X. Denote by Jy C B the wide
subposet of those marked inclusions U <™ V of opens in B which are of the form

U Uj m U Vi,
J J
where for each j the opens U’ and V7 are abstractly isomorphic conical marked disks.

Note that since the marked points of X is some chosen subset of the 0-dimensional strata it
follows that the isotopy equivalences are the same in both the marked and unmarked setting.

Observation 7.24. By definition, a pointless factorization algebra A on B is constructible
exactly if the underlying functor A: %8 — C sends all maps in Jyp to equivalences in C. In
other words, A is constructible if it factors through the localization B — B[y ~'].

In the unmarked setting and for B = disk(X), this localization was computed in [AFT17a]
to be the slice co-category Disks, y, where Disks C Mfld is the full subcategory spanned by the
smooth conical manifolds which are finite disjoint unions of conical disks (c.f. Notation [6.7).
See also [KSW24, Remark 5.11] for a list of related results.

Then, in the stratified setting it was shown in [KSW24| Theorem 5.10] that working with
a smaller poset of opens B than all disks yields the same result. That is, for B C disk(X) a
decomposable multiplicative disk-basis of some smooth conical manifold X, the induced map

B[Jy '] = Disks,x (7.9)

is an equivalence of co-categories. The reason for generalizing the statement to allow for a
sufficiently nice poset of opens is that it can then be leveraged in the context of left Kan
extending (pre)factorization algebras. For this one needs that the poset of opens is closed
under intersections, i.e. a presieve, which disk(X) is not.

Recall from Notation that Disks™™*PU is the co-category of (finite) disjoint unions of
conical marked disks and embeddings which are bijective on marked points. The statement
we prove in the marked setting is the following.

THEOREM 7.25. Let X be a smooth conical mazximally marked manifold and let B C
disk(X )mrk be a decomposable multiplicative disk-basis of X. Let V € open(X), . be any
object. Then the induced map

BNV, [(Fsav, )] = Disks™ P (7.10)
is an equivalence of co-categories.

Remark 7.26. We want the same applications as in [KSW24], and the above modified
statement is accounting for the indexing category when (operadic) left Kan extending being
different when working with marked inclusions. Explicitly, the left Kan extension of a co-
presheaf A on B to some t D B is pointwise computed by colimgny, A for each V' € U
(while in the ordinary setting one replaces V| with V).
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In the unmarked setting the statement of Theorem [7.25]is a consequence of the equivalence
(7.9) from [KSW24, Theorem 5.10]: for any V' € open(X) and 8 C open(X) some decom-
posable multiplicative disk-basis of X it follows that BN V) is a decomposable multiplicative

disk-basis of V. Thus, it follows that 8 N Vi[(j%mvl)_l] = Disksy .

Before we are ready to prove this statement we set up some notation and preliminary
results mostly using the theory developed in Section [6]

Assumption 7.27. For the remainder of this section we assume that X is always mazimally

marked (Definition [4.22]).

Notation 7.28. B
(1) Every object U € Disks™™ P can be written as an external disjoint union

U=]]kxU
i€l
of pairwise non-isomorphic marked conical disks U;, each appearing k; times. We
suppress the marked points from the notation.
(2) We can decompose every object U € disk(X ),k as an internal disjoint union

ki
v=yye
iel j=1
where the U] are marked conical disks. If two marked conical disks have the same
lower index “i” they are abstractly isomorphic. For an example of this, see Figure [6]

(3) In either case we write [U] for the isomorphism type of such a disjoint union of
marked conical disks.

(4) For each connected marked disk D, recall from Definition that X{pmn p) C X
denotes the subspace of those points whose local neighbourhoods have type D. Each
Xpmre p) is an (unstratified) manifold that is locally closed in X. Moreover, we
have a decomposition X = WUjpX [pmrk, p] Since local neighbourhood types are unique

(Remark [6.28)).

(5) Given an isomorphism type [U], we write jg]] C Js for the full poset consisting
only of those disjoint unions of disks which are of that type.

Remark 7.29. Since X is always assumed to be maximally marked here we abbreviate
X[pmex p) by X(pj. This is unambiguous for the following reason: If D contains 0-dimensional
strata we know that only the marked version will appear in X. Hence we have X|g p) = () and
X[, p) = X[pj, where the latter is the ordinary unmarked version recalled in Definition @

Let D be a connected marked conical disk, and X|p) be the corresponding subspace of
points with local neighbourhood of type D. For a pointless factorization algebra A on X that
is constructible, the size of the conical disks (say of type D) are irrelevant and one can isotope
to get arbitrary small such conical disks. Moreover, it turns out that it is actually sufficient
to remember the origin of the conical disk, and how it is allowed to be isotoped along the
corresponding subspace X|p). This is the heuristics behind the equivalence

(Disksmrk,bij/v) . H H Confy, (V[f]i])

(0] €l
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FIGURE 6. The leftmost figure is X = R2, where we consider both 0-
dimensional strata to be marked. It also shows an object U € disk(X )k
and its decomposition U = Uy W U3 U U3. The space X decomposes into four
different pieces X[pj, where D ranges over the types indicated on the right.
Both basics D with 0-dimensional strata, i.e. on the bottom row, are marked.

established in Lemmam The coproduct runs over all isomorphism classes [U] = [[] k; x Uj]
with “the same marked points as V” as in Definition |6.37, Moreover, recall that Confki(V[ﬁi])
refers to the unordered configuration space (Notation [6.34)).

In a similar spirit to the above results we also want to express (the classifying space) of
the left hand expression of Equation in terms of configuration spaces. To that end we
have the following lemma, which is a marked version of Lemma 5.15].

Lemma 7.30. Fiz a conically smooth mazimally marked manifold X and let B C disk(X )k
be a decomposable multiplcative disk-basis of X. Let V € open (X), . and fix an isomorphism

type [U] = [icr ki x U;] in Disks™™ P with the same marked points as V. Then we have a
canonical equivalence of co-groupoids

‘jgz]vlm‘ ~ H Confki(V[ﬁi]) .
el

PROOF. Let B = |/, ; Bg € J‘Z[ﬂvl , 1.e. it is an object in B of the type [ﬁ], which has

a marked inclusion into V. Such an object exists because the isomorphism type [ﬁ | has the
same marked points as V. Using the object B we define an open subset of [],.; Confki(V[ﬁ_]):

Conf_(B) = {(Si € Confy, (Vig,)))c; | Vil i € I,V1 < j <k;: #(Sy N BY) = 51.,1} .

In words, this consists of tuples of configurations (.S;);es of points of local neighbourhood type

[U;] which induces a bijection mo(S;) = mo(B;). By definition of the (unordered) configuration
space the points S; are all pairwise disjoint. This assignment assembles into a functor

Conf_(—): J‘z[%Un]Vl — open <H Confki(V[ﬁi])) ; B+— Conf_(B) .
i€l
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We now want to apply Lurie’s Seifert-van Kampen theorem ([Lurl7, Theorem A.3.1]) to
the functor Conf—(—). First we need to establish that the condition of the theorem holds,
i.e. for each S = (S; = {s},... ,sf’”})z € [Licr Confki(‘/[ﬁi}) we need to prove that the full
subposet

Kg={BeJll, |SeCot_(B)}CI,
[ Im
is weakly contractible.

Claim: The poset Kg is cofiltered and hence weakly contractible.

e We first show that Kg is non-empty. Choose some open subset W C V C X
containing S. Note that by default W then contains all the marked points of V;
they are in S to begin with because of the constraint on the isomorphism type [5 .
Using that 9 is a disk-basis (of X) we can, for each sg € S, find an Bg € B with
sg € Bg . Since S is a set of pairwise disjoint points and X is Hausdorff we can further
assume that the Bf are all pairwise disjoint. Moreover, since B is decomposable
we can assume each Bg to be connected and Bf is of type [(72] since that is the
local type around sz From multiplicativity of B it follows that the disjoint union
B = Ui’ng —™ W lies in Kg making the poset non-empty.

e We now show that given two objects B, B’ € Kg there exists a third object W €
Kg with maps (in Kg) into both. By applying the previous argument to W =
B N B’ we obtain some B” € Kg such that B” —™ B and B” —™ B’. These
morphisms exists in B, but since Kg C B is not full, we need to show that these
marked inclusions are in Kg. By construction, the (marked) inclusion B” —™ B

induce bijections J; mo(.S;) =, mo(B") = mo(B), and for each 4, j the corresponding
connected components B}’ and B; have a common point s/ in their deepest strata.
Thus, by Theorem [6.25] it implies that the connected components are abstractly
isomorphic. Hence, the marked inclusion B” <™ B lies in Jy and thus also in Kg,
which is a full subposet thereof. The exact same argument applies to B” —™ B’.

Applying the Seifert-van Kampen theorem gives the equivalence

\Jgﬂm ‘: colim {x} < colim Conf_(B) i>1_[C0nf/yﬂ(V[[7i]), (7.11)
" BEJfgiwlvlm BEJf[Blﬂvlm il

where the leftmost equivalence follows from Conf_(B) being homeomorphic to Hw Blj and
hence contractible. O

Remark 7.31. For any isomorphism type [U] which does not have the same marked points
as V, the category j&[;ﬂvl will be empty, which is why it is crucial that we exclude such
isomorphism types. The reader should think of this as being an incarnation of how the

enriched hom Mfd™* Pl (U, V) |5 Is empty whenever U does not have the same marked
points as V, c.f. (the proof of) Lemma and Remark

We now turn towards the proof of Theorem using the same approach as in [KSW24]
Theorem 5.10].

Proor orF THEOREM [7.25 By Theorem we know that j%ﬂVim is exactly the col-

mrk;bij

lection of arrows in 8 which are sent to equivalences in Disks v Hence, the statement
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follows if we can apply Lemma to the functor
F:D=%nV_— Disksmrk’bij/v = F

with W = j%ﬂVLm'
We need to check the two assumptions of the lemma:

(1) The first condition is that F' should induce an equivalence ‘j%m/lm ‘ — (Disksmrk’bij /V):

of oo-groupoids. For this, consider the commuting diagram

_Imav,,
k””’ \
colim (Disksmrk’bij /B) «——— colim (Disksmrk’bij /B) — (Disksmrk’bij /V)
Bej%nvlm term BEJ%mVlm
| l JN
I~ ~ =
|

~

Becgiimrelm Conf_(B) —— Bec%l;imrelm H Confki(B[ﬁi]) — HH Confki(‘/[ﬁi])

where:

° (Disksmrk’bij /B)term 18 the full subcategory of the slice consisting only of those
objects where the structure map D — B is an equivalence; i.e. the subgroupoid
of terminal objects.

e The right diagonal map is explicitly given as B — (B — V), so it tautologically

factors as the dashed left diagonal map B +— (B, B B B).

e The lower left horizontal map is given for each B by the inclusion Conf_(B) —
[L;c; Confy, (B) into the summand corresponding to the type [U] = [B]. Since
we start with an open B € B N V| we automatically have that [B] is an
isomorphism type with the same marked points as V.

e The middle and right vertical equivalences are those of Lemma

e The lower horizontal composite equivalence is the (rightmost) equivalence of
Equation .

e The left vertical dashed map exists because if D <— B is an equivalence then
every choice of points S; as in Remark (and Remark gives a tuple of
configurations that lies in Conf_(B).

e the dashed vertical map is an equivalence since both (Disksmrk’bij / B) torm and
Conf_(B) are contractible.

Now observe that since every (@isksmrk’bij / B):srm is contractible we have that

)j%m/lm’ ~ colim *~ colim (@isksmrk’bij/B)

BeTwnv, BeTwnv, term

It follows that the dashed diagonal map presents the localization j%ﬂvim — ‘j%ﬂ‘/im ’

— (Disks™kbl /V): is

to the classifying space. We conclude that the map ’j‘BﬁVLm
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presented by the upper horizontal composite which, by the diagram, is a composite
of equivalences.
(2) For each B € BN V| we have to check that the functor F' induces an equivalence

~

j%mvlm XBnv, (BN Vlm)/B‘ — ((@isksmrk,bij/v)

But this map is canonically equivalent to

‘j%mBlm‘ — (Dlsksmr ’ 1‘]/B)

B‘—>V)

which is an equivalence by the previously proven part [1| by setting V = B. g

Some of the consequences of the localization-result in [KSW24] follow immediately from
the version of the localization-result established in Theorem For example, let U be
any poset of marked opens and ¢: B C 4 a decomposable multiplicative disk-basis of 4.
As in [KSW24| Corollary 5.17] it follows that the operadic left Kan extension u.A of a
constructible multiplicative pointless prefactorization algebra A on B is constructible on 4.
If in the situation above we have { = disk(X ),k we get that the restriction along ¢ induces
an equivalence

m,cstr ~ m,cstr
AlgdiSk(X)mrk — Alg%

between multiplicative and constructible prefactorization algebras on disk(X )k and 9B by
[KSW24, Corollary 5.18]. In addition the statement of [KSW24. Proposition 5.16] also
immediately carries over.

Remark 7.32. We now comment on the part of the results in [KSW24| §5.2] which we are
not able to translate to the marked setting and why. For example, the localization is
shown to generalize to a localization of the corresponding co-operads in [KSW24, Proposition
5.19]. As a consequence one gets an equivalence

= m,cstr
Alg%iSkS/X - Alg% ’

where as above B C disk(X) is a multiplicative decomposable disk-basis of X ([KSW24]
Corollary 5.20]).

However, the way Disks,x is equipped with the structure of an oc-operad goes through
the symmetric monoidal structure [[ on Mfld, and heavily uses that () is an initial object
with respect to this symmetric monoidal structure. See [AFT17al Corollary 1.20] for details.
Since there is no analogue of this for the marked (and bijective on marked points) setting,
it is not so clear how to make Disks™ Pl
further in this thesis.

/x into an oo-operad, and we do not pursue this

7.3. Constructible implies marked Weiss on marked disks. It has long been folk-
lore that constructible factorization algebras extended from disks automatically satisfy the
Weiss condition. A first precise statement of this form appeared in [AF20a] in the unstrati-
fied setting, i.e. for locally constant factorization algebras. This was generalised in [KSW24]
to the stratified setting and constructible factorization algebras, as well as allowing for a more
general poset of opens than all disks. We follow the latter here in the quest of getting an
analogous statement in the setting of constructible pointless factorization algebras.

The main result of this section is that [KSW24l Theorem 5.21] carries over to the marked
setting:
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THEOREM 7.33. Let X be a smooth conical maximally marked manifold and let B C
disk(X )k be a decomposable multiplicative disk-basis of X. Every left Kan extension of a
constructible copresheaf on B to any poset of opens U O B is automatically a marked Weiss
hypercosheaf.

The following corollary is the one we actually rely on when proving that constructible
pointless factorization algebras glue just like the ordinary ones.

Corollary 7.34. [KSW24| Corollary 5.22] Let X be a smooth conical maximally marked
manifold, B C disk(X)mx a decomposable multiplicative disk-basis of X and 4 O B a pre-
sieve. Then for every constructible copresheaf on B the left Kan extension to i is a marked
Weiss cosheaf.

PROOF. This is immediate from Theorem [7.33] because every marked Weiss hypercosheaf
on a presieve is a marked Weiss cosheaf; see e.g. Remark O

Remark 7.35. Note that the above two results implicitly asks for X to have enough good
marked disks by asking for the existence of a decomposable multiplicative disk-basis 95, as
in [KSW24]. This is not present in the unstratified, unmarked and B = disk(X) version
of [AF20a, Proposition 2.22], c.f. [KSW24 Remark 5.25] for some more details. However,
essentially the same result (i.e. in the unstratified and unmarked setting) was obtained in
[San23], also with an assumption on existence of enough good disks.

As in the previous subsection some of the corollaries of [KSW24] immediately carries over
to the pointless setting while some do not. Explicitly, let X be a smooth conical maximally
marked manifold with enough good marked disks. If Y C open (X)_ . is a presieve and
B C $l is a decomposable factorizing disk-basis of 4 we have by [KSW24| Corollary 5.23]
that restriction yields an equivalence

plcstr =~ plestr m,cstr
FAcT ™" — FACTy™ = Algy,

of co-categories. Moreover, [KSW24|, Corollary 5.24] gives that restriction yields an equiva-

lence
m,cstr

disk (X ) pmrk

of oo-categories. However, we stress that [KSW24l Corollary 5.26] does not immediately
translate to the setting here since we do not have an analogue of [KSW24l Corollary 5.20] as
explained in Remark[7.32] We are now done with recording the consequences of Theorem [7.33]
so it is time to turn to its proof.

FacT " =, Alg

PrOOF OF THEOREM [7.33] Let A: il — C be a copresheaf left Kan extended from 3,
ie A~ L!.A‘%, where moreover A‘% is constructible. Since A|% is constructible it follows that
for each U € U it factors as

‘A\‘BmUim :BNU — Disksmrk’bij/U —C, (7.12)

where the first functor is a localization by Theorem[7.25] We need to prove that every marked
Weiss hypercover 20 —* {M}, for a marked open M € 4, is A-local. For this we want to
apply Lemma (in particular [2) = [1]) to
e the full co-subcategory D := Disks™® P <« MAI™*PI of smooth conical marked
disks,



76

e and the diagram
F: 220 95U (M} — RFib(D), W — (D — D)
of right fibrations.

We now aim to establish condition |2 of Lemma By Lemma the map (A.4) is

identified with the map of co-groupoids
(13/19161%1 H Confki (W[Ul}) — H COIlf].CZ (M[UZ]) (713)
i€l el
induced by the hyperprecover

{H Conty, (Wip,)) | W € ‘,ZIT} =" T Confy, (M) (7.14)
il icl
for each isomorphism class U = Ul j Uij (as in Notation where U € BN M, .

Since 20 —* {M} is a marked Weiss hypercover it follows that is a hypercover.
Hence, by [DI04), Proposition 4.6 (c)]E| we get that is an equivalence of spaces. Consider
the commuting square of co-categories:

coimBNW, —— colim Disksm bl W
wew " wew

J !

BNM, —— Disks™™ P

Having established condition [2] of Lemma [A.33]it follows from [I] that the right vertical functor
is colimit cofinal. Moreover, by setting U .= M and U := W in and passing to colimits
of co-categories, the two horizontal maps are localizations which A factors through (uniquely).

Upon passing to colimits in C it follows that the right vertical map of the commuting
diagram below is an equivalence:

colim A(W) +—— colim colim A, —— colim A
We wew snw, B colimyy gy BOW, B
A(M — colim A
< ) - %lim |%

The two horizontal maps are equivalences because A is a left Kan extension of its restriction
to B. It follows that the left vertical map is an equivalence which is what we wanted to
show. 0

I7Note that our notion of hypercovers corresponds to their complete covers.



Part 2

The pointless higher Morita categories and
dualizability

ATTRIBUTION. Using the new notion of constructible pointless factorization algebras from
Part [1| we, in this part, construct the pointless higher Morita categories ALGEI(C). This con-
struction is analogous to Scheimbauer’s construction of the pointed higher Morita categories
ALGP'(C) which uses constructible ordinary factorization algebras [Schi4), [GS18], simply
replacing the co-category of constructible ordinary factorization algebras FACTS™ with the
oo-category of constructible pointless factorization algebras FACTE(I’CS“. This works by the
results on gluing of constructible pointless factorization algebras and symmetric monoidality
established in Part [I

Since FACTS' is a symmetric monoidal subcategory of FACTI;(LCStr we can transfer the
n-dualizability-results from [GS18] for Scheimbauer’s pointed higher Morita categories to the
pointless version. However, in the pointless version ALGE1 (C), we can also prove interesting
(n + 1)-dualizability results, which are not available in the pointed version ALGP'(C) due to
[GS18], Theorem 5.1]. The new contribution here was in finding a suitable modification of the
definition of a constructible factorization algebra, i.e. the pointless ones from Part [I We also
provide a partial proof of a conjecture by Lurie in Section regarding (n + 1)-dualizability
in ALGEI(C) for n = 2, which is only previously proven for n = 1, and n = 2 when C = Pr.

AssuMPTION. Throughout this part of the thesis we fix an ®-presentable symmetric monoidal
oo-category (C,®) (as in Part [I).



8. Ingredients for the pointless higher Morita categories

In this section we consider the general building blocks needed to construct the pointless
higher Morita categories from constructible pointless factorization algebras. We start with
a brief review of the relevant marked stratified spaces in Section [8.I] Then we introduce a
number of important maps between marked stratified spaces and prove that constructible
pointless factorization algebras indeed push forward along these in Section[8:2] In particular,
the maps introduced here are the key ingredients when defining composition and duals in the
higher Morita categories.

8.1. Nice (marked) stratified spaces. We give a brief introduction to the stratified
(marked) spaces relevant for the (pointless) higher Morita categories, following [GS18|]. Note
that all the stratified (marked) spaces considered here are particularly nice instances of conical
(marked) manifolds, and even smooth conical (marked) manifolds, as defined in Section [4.2]

The most important types of stratifications needed in this part of the thesis comes from
“affine flags”, and the following definition gives the prototype of these.

Definition 8.1. The standard affine flag is given by

{Go s DX O,  C{(F, ., D x (0, 1)
- {() < (0, )" (0, 1)"

for 0 < k < n. This flag will be the local picture of our stratifications so we call it the standard
stratified disk of index k.

Remark 8.2. By the terminology in Section [£.2]the affine flags are nothing but certain basics
D(Z,k) := CZ xR¥, where CZ is the cone of Z as in Construction In fact, for a fixed n
one can see that a standard stratified disk of index k corresponds to the cone of Z = S7+~1
stratified by the spheres of strictly smaller dimension.

Example 8.3. When n = 1 the standard stratified disk of index 1 corresponds to the line
D(#,1) = R' = (0,1), while that of index 0 gives the line (0,1) with a point at {3}. The
latter is equivalent to D(Z,0) for Z = S°.

When n = 2 we have three standard stratified disks as depicted in Figure[7] Read from
left to right these are D((),2), D(Z, 1) with Z = S° and D(W,0) where W = S! stratified by
SY. i.e. a point at the north and the south pole.

FIGURE 7. The three standard stratified disks for n = 2.

The colours in the above figure, as well as in subsequent illustrations, are used to easier
distinguish the different connected components. We now restrict ourselves to only smooth
conical manifolds (c.f. Definition [4.32)) which are of a particularly easy form.
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Definition 8.4. We say that a smooth conical manifold X = (0,1)" is a nice stratified space
if it has a stratifying poset of the form

P::{@:X_lCXOCX;[C"'CX :(0’1)71}

such that for every point x € X;\ X;_1, there is an open neighbourhood of x that is abstractly
isomorphic to a standard stratified disk of index ¢. Moreover, we assume that each X; has a
finite number of connected components and is a smooth closed i-dimensional submanifold of
(0,1)™. In this situation we also say that X is equipped with a nice stratification, and we call
X; \ X;_1 for the i-dimensional strata (of X).

Note that the strata X; \ X;_; coincides with the [U]-strata of X from Definition for
[U] the standard stratified disk of index 4.

Example 8.5. Giving a nice stratification for n = 1 amounts to giving a finite number of
points in (0,1). For example, a nice stratification consisting of two points s, s2 can look as
in Figure [§] below.

FIGURE 8. Example of a nice stratification of (0, 1).

Example 8.6. For n = 2 such a stratification amounts to the unit square with an embedded
1-manifold X; together with a finite collection of points Xy. The left stratified space of
Figure [J] is an example of a nice stratified space. However, the right stratified space is not
an example. It fails because two of the stratified points do mot have neighbourhoods which
are standard stratified disks. However, it is a smooth conical manifold, offering a simple
illustration of the fact that working with nice stratified spaces is very restrictive.

FIGURE 9. The leftmost stratified space is an example of a nice stratified
space, while the rightmost is not.

Since we want to work with pointless factorization algebras we also need marked versions
of the above. Giving a marking on X corresponds to giving a stratified open embedding
Xmrk X where X™¥ is the finite collection of marked points. See e.g. Definition and
the surrounding discussion.
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Definition 8.7. A marked nice stratified space X is a nice stratified space X which is marked
by a (finite) collection of marked points X™¥. Analogously, we say that a standard stratified
disk is marked if it comes with a (possibly trivial) choice of marked points.

Recall that the only standard stratified disks that can be non-trivially marked are the
ones of index k = 0, i.e. corresponding to pure cones D(Z,0) = CZ, because they are the
only ones with non-trivial O-dimensional strata.

Definition 8.8. Let X be a (marked) nice stratified space. We say that an open disk D in
X is a basic (marked) stratified disk of index k if D is abstractly isomorphic to a standard
(marked) stratified disk of index k.

Remark 8.9. Every (marked) nice stratified space is in particular a conical marked manifold.
Hence, it follows that every (marked) nice stratified space admits a (marked) Weiss cover by
basic (marked) stratified disks as explained in Remark [4.31]

Assumption 8.10. From now on we will always assume that we are in the situation of
Definition [8.4] (Definition [8.7) when simply saying “(marked) stratified space” and “(marked)
stratification”.

8.2. Maps between (marked) stratified spaces and pushforwards. We now turn
to the relevant maps between stratified (marked) spaces. For example, we will consider
“adequately stratified” maps, “collapse-and-rescale” maps and refinements. These are either
maps that interact nicely with the stratification and the basic disks, or is of a particularly
simple form. Here we prove that constructible pointless factorization algebras push forward
along all of these maps.

We start with “adequately stratified” maps. For this we first need the following definition.

Definition 8.11. Let f: X — Y be a map of marked stratified spaces, i.e. a map of stratified
spaces such that f(X™¥) C Y™k We say that f is a locally trivial fibration between marked
stratified spaces if, for each point y € Y, there exists an open (stratified) neighbourhood U of
y together with an abstract isomorphism of marked stratified opens f~}(U) = U x F, where
F' is some marked stratified space and U x F' is the marked product stratified space as in

Example

Note that f restricted to each X; \ X;_1 is a locally trivial fibration in the usual sense.
We need some extra conditions on these types of maps to ensure that they behave well with
respect to basic marked stratified disks. The following definition (modulo marked points) is
due to [Ginl5l §6.1]. |§|

Definition 8.12. Let f: X — Y be a locally trivial fibration between stratified marked
spaces. We say that f is adequately stratified if Y has an open cover {V;};cr by trivializing
basic marked stratified disks such that

(1) f71(vp) ’i V; x F has a cover by basic marked stratified disks (in X) of the form
{1 (Vi x Dj)}jes,

(2) for marked inclusions T' <™ U, where T' and U are basic marked stratified disks in
V with the same index, we have a marked inclusion ¢ (T x D;) <™ ~Y(U x D)
of basic marked stratified disks (of X) of the same index for all j € J.

I8Note that what Ginot calls “good neighborhoods”, c.f. [Ginl15] Definition 21], exactly boils down to
being abstractly isomorphic to the same standard stratified disk.
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Example 8.13. Some examples of adequately stratified maps used in this thesis are:

e locally trivial stratified marked fibrations, e.g. the map V in Section

e fold maps which appear in Construction [10.5

e (local) diffeomorphisms of stratified marked spaces.

e for f: X — Y any adequately stratified map it follows that f x id: X x (0,1) —
Y x (0,1) (where (0,1) is trivially stratified) is also adequately stratified.

The conditions placed on a locally trivial fibration to be adequately stratified are tailored
to get the following lemma, which is a modification of |[Ginl5l Proposition 26].

Lemma 8.14. Let f: X — Y be an adequately stratified map between marked stratified spaces.
Pushforward along f induces a functor

f* FACTpl cstr FACTI;/LCSH .

PrROOF. We know from Lemma that the pushforward preserves pointless factoriza-
tion algebras, so we only need to check that f..4 is constructible. Additionally, by Theo-
rem [7.20] it is sufficient to check that f..A is constructible on some open cover of Y. We
choose to work with the open cover {V;};c; from Definition Consider some marked
inclusion T' —™ U of two abstractly isomorphic stratified disks both subordinate to some
V;. Recall that f=1(V;) = V; x F. Pick some marked Weiss cover W (in X) of F using the
basic marked stratified disks D;. Since A is constructible on X we know that each marked
inclusion ¥ ~HT x D;) <™ ¢_1(U x Dj) is sent to an equivalence in C. It follows that the
marked refinement T'x W —™ U x W is A-local. Using that A is a marked Weiss cosheaf we
get the desired equivalence:

fAT) = AT x F) ~ (;FhﬁvnA = cohm.A AU x F) = fL AU) . O
X

We now turn to the so-called “collapse-and-rescale”-maps. These are pivotal when defining
composition in the higher Morita category.

Definition 8.15. [Sch14| Definition 3.1.1] Let 0 < b < a < 1 such that (b,a) # (0,1). Let
b [0,1] — [0,1] be the piecewise linear map defined as follows: If a = b let p’ = idjp,1) and
if b<a, let

T T=b
ph() = (”bg b<u<a,
282) as<z,

By slight abuse of notation we also denote the restriction p%: (0,1) — (0, 1) by the same map
and call this the collapse-and-rescale map. Moreover, if either a or b are marked points we
require the corresponding image under p’ to be marked.

In words, this map “collapses” everything between b and a to the point ¢ = ) and

b
1—(a—b
rescales the compliment back to (0,1). See Figure 10| for a depiction of the different cases.



b
1 0 T—(a=b) 1 0

FiGurE 10. The collapse-and-rescale map illustrated for the three different
cases; b=0,0< b< a <1 and a =1 when read from left to right.

This map is not adequately stratified in the case 0 < b < a < 1 for the simple reason that
the preimage of an interval containing ¢ = ﬁ:_b) contains both b and a and is hence not
a basic stratified disk. Hence, we have to provide a separate argument for pushing forward
along these maps.

Lemma 8.16. Pushing forward along the collapse-and-rescale maps p = p2: (0,1) — (0,1)
induces a functor of constructible pointless factorization algebras

1,cstr pl,cstr
0 —>FACT(O71) .

ProoF. We know from Lemma that the pushforward preserves pointless factor-
ization algebras, so we only need to check that fyA is constructible. Moreover, by Corol-
lary we only need to check constructibility away from the marked 0-dimensional strata

at ¢ = ﬁ:—b)' In this case we have that the preimage of any inclusion U — V| where U

D FACTI()O,

and V are a connected interval not containing the marked point ¢, is an inclusion of the same
type. By constructibility of A it immediately follows that f, A(U) = f. A(V). O

The above lemma can also be proven by building a convenient marked Weiss cover as in
the proof of [KSW24|, Lemma 5.5] (which is in fact used to get Corollary [7.21)). This kind of
approach is what we generalize when considering the collapse-and-rescale map together with
copies of the identity map.

Definition 8.17. Let p = PZIZE for some fixed 0 < b¥*1 < gkt1 < 1. Define
pHHD ik p xidl: (0, )R (0, 1)L
Here, the source (0, 1)+ is stratified by the flag
0 C{(a',....0"), (a',...,a"H)} x (0,1)! C {(a',....a")} x (0, 1)t C ... C (0,1)FFH
where 0 < o/ < 1, j € {1,...,k}, while the target (0, 1)*++1 is stratified by

BC{at,...,a" & x(0,1)! C{al,...,a"} x (0,1)FL C ... C (0,1)kFHT
k41
where Ck+1 = m
In words, this simply corresponds to the stratification having two [-dimensional hy-
perplanes in the xjyi-direction which the copy of p collapses and rescales to obtain one
[-dimensional hyperplane in the x-direction.

Example 8.18. We give an example of the map p**1) from Definition If weset k=1
and [ = 0 we get a piece-wise linear map as illustrated in Figure where 0 < a' < 1 as well
as 0 < b? < a® < 1 are given in the figure. The dashed lines are not part of the stratification,
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and are only there to illustrate that the O-dimensional strata are given by the intersection of

the vertical line at z; = a' and the horizontal lines at zo = b%, respectively xo = a?.

FIGURE 11. An example of p**1 for k=1 and [ = 0.

Lemma 8.19. Let p = pZIZ be a collapse-and-rescale map. Pushing forward along p+1 =

id* x p x id' from Definition mduces a functor of constructible pointless factorization
algebras

(p(k+1))* = (idk X p X idl)*: FACT%’ES;,:HH — FACTI()éﬁS)terH . (8.1)

PrOOF. As before, we only need to check constructibility of the pushforward. Let A €
FACT?é’iS)t,fH +1, 1.e. a constructible pointless factorization algebra in the left hand side of ({8.1)).

The only non-trivial check is if we have a marked inclusion U <™ V of two basic disks both
non-trivially intersecting the hyperplane ¢! x (0,1)!, so we assume this is the case. Let
U = (p*))=1U) and V := (p*+1))=1(V). Consider the marked Weiss cover of V

W = {17 \{ex (0,1)} |ee (bk+1,ak+1)} .

This restricts to a marked Weiss cover of U by setting Wg = {W N U | W e Wy} Let Wy
and W3 denote the two connected components of any W € Wy;. Then we have

AW NU) ~ AW NU) @ AW NU) = AW1) @ A(Ws) ~ A(W)

by multiplicativity and constructibility of A. That is, the inclusion W NU — W is A-local
for every W € Wy;. Hence, the top horizontal map of the following commutative square is
A-local
colim A —=— colim A
We Wy

A(U) ——— A(V)
The two horizontal arrows are A-local because A is a marked Weiss cosheaf. It follows that

the bottom horizontal map is also A-local which is what we needed to show. O

We now consider refinements of marked stratifications. We will use this to “add points”
to the stratification later on. This is useful when producing morphisms from objects of the
pointless higher Morita categories.
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Definition 8.20. Let f: (X — P) — (Y — @) be a (conically smooth) map between two
stratified marked spaces. Denote by X, the substratified space corresponding to p € P. We
say that f is a refinement if it is a homeomorphism of the underlying topological spaces and
the restriction f|: X p Y, o) is an isomorphism onto its image for each p € P.

Lemma 8.21. Let f: X — Y be a refinement. Pushforward along f induces a functor
fo: FACTRNS™ ., FacTher

PROOF. As before we only need to check constructibility. Since the preimage of a (possibly
marked) stratified basic disk is again a (marked) stratified disk, just possibly of a higher index,
constructibility of f,.A follows immediately from that of A. O

Example 8.22. The simplest example relevant to us is adding a (marked) point to the
stratification. An example is given by the refinement f illustrated in Figure [12| below. Let
A be a locally constant factorization algebra on (0, 1) with values in VECT, i.e. characterised
by an associative unital algebra A as explained in Example Then the pushforward f,.A
evaluated at an interval containing the added point is simply A as an A-A-bimodule, or put
differently it is the identity 1-morphism of A in the Morita 2-category.

,
N

|7

FIGURE 12. A simple example of a refinement f going from (0, 1) with trivial
stratification to (0, 1) stratified by one point.

Recall from Definition the definition of a stratified open embedding. With this we
give a variant of [Ginl15, Proposition 25]:

Proposition 8.23. Let 1: X — Y be a stratified open embedding of stratified spaces which
sends marked points to marked points. Moreover, assume that for any marked inclusion
U <™V of two basic marked stratified disks of the same index in Y we have that either
1 "YU) and +=Y(V) are both the empty set or basic marked stratified disks of the same index
i X. Then pushing forward along v induces a functor

Le: FACTR Y — FacThh ",

PROOF. Once again we only need to address the constructibility. Let A € FACTE’(LCSW7 and

let U —™ V be a marked inclusion of two basic marked stratified disks of the same index in
Y. If .71 (U) = 0 = .= 1(V) we have that 1, A(U) ~ 1¢ ~ 1. A(V) is an equivalence because the
trivial factorization algebra (Example 2.22) is constructible. If instead ¢ =*(U) <™ +~}(V') are
both basic marked stratified disks of the same index in X it follows that (. A(U) — ¢, A(V)
is an equivalence because A is constructible. O]

Example 8.24. Let t: X — Y be a stratified open embedding (which sends marked points
to marked points). Moreover, let ¢ be such that ¢(X) is the union of strata in Y, i.e. ¢(X) =
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Ur<i X}, for some 7 < n. Then ¢ satisfies the conditions of Proposition 8.23L H An explicit
example of a map of this form for n = 2 and k = 1 is given in Figure [I3]

FIGURE 13. An example of a map satisfying the conditions of Proposition
We outline (0,1)? with dashed lines to illustrate that the value of the push
forward is trivial away from the line.

191¢ seems like Ginot in [Ginl5l Proposition 25] proves that one can push forward constructible factoriza-
tion algebras along these kinds of maps. However, the same argument works verbatim for more general maps
which is why the condition on ¢ in Proposition is phrased differently here.
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9. The pointless higher Morita categories

In this section we define the (even higher) pointless higher Morita categories built from
constructible pointless factorization algebras. We start by giving the formal construction
for n = 1 and outline the general case in Section This follows the construction of the
pointed higher Morita categories of Scheimbauer from [Sch14, [GS18|. Then we explain that
the construction of even higher Morita categories from [JES17] also applies to the pointless
version of this thesis in Section Lastly, in Section [9.3| we provide a symmetric monoidal
functor which witnesses that the pointed higher Morita categories embeds into the pointless
version. We also conjecture how the pointless higher Morita categories of this thesis relates
to the (also pointless) higher Morita categories constructed by Haugseng.

Assumption 9.1. From now on all marked stratified spaces X will be maximally marked
(c.f. Definition 4.22)). Explicitly, that means that all of the O-dimensional strata appearing is
marked or equivalently that X™™* = X.

9.1. Formal construction. The pointed higher Morita categories were first constructed
by Scheimbauer in [Sch14] using constructible factorization algebras. This construction was
then reworked for n = 1 in [GST8], while the generalization to ALGE'(C) will appear in [Sch]
(together with a comparison to the original construction). Here we explain the construction
for n = 1 adapted to the pointless setting, closely following [GS18| Appendix A]. Explicitly,
we replace constructible factorization algebras by their pointless version to obtain the pointless
higher Morita categories.

In more detail, the pointless Morita (0o, 2)-category ALGﬁ’l(C) is obtained by constructing
a category object in (oo, 1)-categories, i.e. a functor A°? — CATs, which satisfies the Segal
condition. This is done in a few steps:

(1) First the relevant stratifications are packaged into a category Strat (Section .

(2) Then we explain that constructible pointless factorization algebras assemble into a
functor out of Strat (Section |9.1.2]).

(3) To obtain an actual category object in CATo, from the above one needs to left Kan
extend along a suitable functor 7: Strat — A°P and prove the Segal condition. From
this one can then extract an (oo, 2)-category ALGII)I(C) (Section @

The (o0, 2)-category ALGpl(C) from above is equipped with a symmetric monoidal structure
b1

as explained in Section In Section we extract an informal description of ALGlfl (C)
from the formal construction. Lastly, we explain how the above procedure generalizes to
define ALGP!(C) in Section but refrain from writing out full details as this will appear
in [Sch].

Remark 9.2. We want to highlight that the construction of the pointed higher Morita cat-
egories using constructible factorization algebras requires the fact that constructible factor-
ization algebras glue, which was long claimed in the literature but only proven much later
in [KSW24| Theorem 6.1]. Moreover, since we have established that constructible pointless
factorization algebras also glue in Theorem we are able to leverage the construction of
Scheimbauer’s pointed higher Morita categories to obtain the pointless higher Morita cate-
gories.

9.1.1. The category of stratifications. We first package the stratifications relevant for
ALGIfl(C) into a suitable category. It will be convenient to include the endpoints {0, 1} of the
interval (0,1) we work with.
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Definition 9.3. |[GS18, Definition A.1] Let Strat be the category whose objects are finite
subsets {0,1} € S C [0,1]. Morphisms from S to S” are continuous maps f: [0,1] — [0,1]
that are order-preserving, endpoint-preserving and stratum-preserving, i.e. f(S) C S’. We
often denote an object S in Strat by sg = 0 < s; < -+ < s < 1, using the linear order
inherited from [0, 1].

Definition 9.4. Let S € Strat be an arbitrary object. The associated marked stratified space
A (X) is defined by -
An(8) = (S clo.1]),

together with the maximal marking.

Explicitly, using the maximal marking above means that all of S corresponds to marked
points. In some sense the associated marked stratified space gives us a second way of thinking
about objects and morphisms of Strat which is helpful for example in the following observa-
tion.

Observation 9.5. Morphisms in Strat are generated by morphisms f: [0,1] — [0, 1] of one
of the following four elementary types.

(R) rescaling: If S has elements 0 < s1 < ...s; < 1 and S’ has elements 0 < s} < -+- <
s; < 1, then there is a morphism S — S’ for any homeomorphism f: [0,1] — [0,1]

such that f(s;) = s}, f(0) = 0 and f(1) = 1. We think of such a map as a
rescaling of the connected components of the associated marked stratified spaces,
ie. f:An(S) — An(S).

(A) adding points or refinement: Let S’ have objects 0 < s7 < -+ < 5 < 1 and fix
some 1 < j <. Then the identity id: [0,1] — [0, 1] is a morphism S"\ {s;} — 5"
This corresponds to adding the point s; to the stratification, i.e. id: Ay (S"\ {s;}) —
AL (S"). See Figure [12] for a simple illustration of this (after restricting to (0,1)).

(IC) inner collapse: Let S have elements 0 < 51 < --- < §; < 1 and let S” have elements
0 <s) <--<s- <1 Fixsomel < j <l Let fj:[0,1 — [0,1] be the
endpoint-preserving map such that

s, ifi<j,
fi(si) = {

si_q, ifi > g,

7

and which is linear between the points. This gives a morphism f;: S — S which
corresponds to a map of (marked) stratified spaces Ap,(S) — A, (S’) which collapses
the closed interval [s;, s;11] to a point. See the middle picture of Figure [10] for an
illustration (after restricting to (0,1)) coming from a collapse-and-rescale map.
(OC) outer collapse: Let S have elements 0 < s < -+ < s < 1 and S’ have elements
0< sy <---<s,_; <1. Consider the endpoint-preserving maps fi, fr: [0,1] — [0,1]

where
0 ifi=1,
filsi) = {5;1 ifi> 1,
and
sioifi <,
fr(si) = {1 ifi—1,

and which is linear between the points. These give morphisms fi, f,: S — S’. On the
associated (marked) stratified spaces Ay, (S) — A (S’) this corresponds to collapsing
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the interval [0, s1] respectively [s;, 1] to a point. We think of this as “cutting off” the
left and right ends, respectively. For an example (after restricting to (0,1)) coming
from the collapse-and-rescale maps see the left and right illustrations of Figure

With this one can check claims about Strat by checking the claim for each generator, which
is convenient.

The category Strat can be related to the opposite simplex category A°P. This will be
useful when constructing a category object later on.

Lemma 9.6. |[GS18| Lemma A.2] The functor m: Strat — A°P, which on objects sends S to
70((0,1)\'S), is a localization.

Remark 9.7. We spell out what the functor 7 sends the generating morphisms of Strat to.
The rescalings are simply sent to identities, while adding a point |[(A)| gives a degeneracy
map. Finally, both the inner and outer collapse maps (OC)|induces face maps.

9.1.2. Treating factorization algebras functorially. We now want to work with con-
structible pointless factorization algebras on (0,1) with stratification determined by objects
of Strat in a functorial way. First of all this requires us to go from stratifications of [0, 1] to
stratifications of (0, 1), i.e. we get rid of the end-points.

Definition 9.8. Let S = {0 < 51 < --- < s; < 1} € Strat. We define the associated marked
stratified space (without endpoints) to be

An(S) = ({s1,...,s1 € (0,1)),
once again with the maximal marking.

We now turn to the morphisms of Strat, and explain how we can push forward con-
structible pointless factorization algebras along a restricted part of the maps of Strat.

Definition 9.9. |[GS18| Definition A.4] Let f: S — S’ be a morphism in Strat. Set syin =
max f~1(0) and Spax = min f~1(1). We define the restricted pushforward to be the functor

—FaCTR %) (9-1)

3: '_)fﬁ? = <f|(5min75max))*97|(5min73max) ’
That is, it is defined to be the pushforward along f| (

pl,cstr

fys FACT, ()

sminasmax)

Note that all morphisms f: S — S’ in Strat are continuous and send marked points to
marked points (because f(S) C S’). Thus it follows from Lemma that the restricted
pushforward preserves pointless factorization algebras making fy well-defined. We even want
to argue that the restricted pushforward lands in constructible pointless factorization algebras,
but first we look at what this assignment is on the generators of Strat.

Example 9.10. We simplify Definition [9.9] for the four different generators of Strat and
explain how to obtain the restricted pushforward of a general morphism from this.

(1) If f is of type m m or [(IC)| we have [T = fl(o,l)*?'

(2) For f = f; we have Syin = 81, Smax = 1 and for f = f, we have spin = 0, Smax = S;-
The restricted pushforwards are then given by

(15T = F1 1) Ty 204 )T =100 Flosy -
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(3) A general morphism f of Strat can be written as a composition gj o- - - o gy, where all
the g;’s are of the formm W, m and[(OC )l We claim that fyF = giyo---oggyd.
This follows from how the pushforward along a composition is a concatenation of
pushforwards and

(910 92)1(rax(g1092) 1 (0) min(arogy (1) — 91 (max(or ©)min(ar (1)) © 92! (max(ez ™ (0))min(gy (1))

As mentioned, we want the restricted pushforward from ((9.1)) to even land in FACTpAl;f?g,).
To that end we have the result below, which is a pointless analogue of [GS18| Proposition
A.6].

Proposition 9.11. For a constructible pointless factorization algebra F, the restricted push-
forward fyF along any morphism f in Strat is again constructible.

PROOF. Upon restricting to (0,1) we see that a rescaling map corresponds to a
particularly easy adequately stratified map, so constructibility of the restricted pushforward
follows from Lemma The case of adding a point is covered by Lemma The
remaining maps, i.e. the collapse maps |(IC)| and |(OC)| both follow from the argument in
Lemma [8.16] O

As a consequence of Proposition we get the pointless analogue of [GS18, Proposition
A3l

Corollary 9.12. Assigning the oo-category of constructible pointless factorization algebras
on a marked stratified space yields a functor

pl,cstr

FACTAm(i)

Strat CATs -

To prove that constructible pointless factorization algebras push forward along (inner and
outer) collapse maps one can also use the proof of [GS18, Lemma A.7]. This is because the
Weiss covers used there are in fact marked Weiss covers (for our choice of maximal marking).

9.1.3. The pointless (co,2)-Morita category ALGII)I(C). We now have all the pieces to

give the formal construction of ALGIf1 (©).
First we perform a left Kan extension to get a functor out of A°P instead of Strat.

Definition 9.13. [GS18, Definition A.10] Let Alg? = Alg?(C) be the left Kan extension

str

of FACTIXI’:(_) along the functor 7 from Lemma Explicitly,

F pl,cstr
Am(-)
Strat —————— CAT

o
ﬂl T
-7 AY

A 7

Recall from Definition the definition of a (1-uple) category object (in CAT.). For
this we need Alglfl to satisfy the Segal condition, which it indeed does. Explicitly, we get
this as a corollary of Theorem [5.3], i.e. that constructible pointless factorization algebras glue,
together with the proof of [GS18, Theorem A.11] which is the analogous statement for the
pointed version using constructible ordinary factorization algebras.
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Corollary 9.14. The simplicial object in CATs, given by Alg‘l’1 = Algﬁﬂ(C) satisfies the Segal
condition. Thus, A]gli)l s a category object in CATs.

We stress that the original construction of the pointed higher Morita categories from
[Sch14], as well as the reformulation of [GS18), [Sch], relies on the fact that constructible
factorization algebras glue which was only established later in [KSW24, Theorem 6.1].

In total, we have that Algrfl (C) is a category object in CAT.,. This gives rise to a double
oo-category as in Observation

Remark 9.15. Informally, the double co-category obtained from Alglfl(C) has

e objects are (families of) constructible factorization algebras on (0, 1) with the trivial
stratification, ]

e vertical 1-morphisms are given by maps of such (families of) constructible factoriza-
tion algebras,

e horizontal 1-morphisms are (families of ) constructible pointless factorization algebras
on (0,1) stratified by a marked point, and

e the corresponding commutative squares are filled with maps of (families of ) pointless
constructible factorization algebras.

Meanwhile, the (0o, 2)-category we wish to obtain should not have any non-trivial vertical
morphisms. To extract such an (oo, 2)-category we use the right adjoint of Proposition
which in this case is made more explicit in Construction|[B.6} In words, it simply forgets about
the non-trivial vertical 1-morphisms. This gives a 2-fold Segal space, which upon completing
yields an honest (0o, 2)-category. We refer the reader to Appendix for more details on
this.

Definition 9.16. The pointless Morita (00, 2)-category ALGlf1 = ALG?I(C) is the (o0, 2)-
category underlying the double co-category Alg%f1 as in Construction

Remark 9.17. In the pointless version it is necessary to complete the new Segal space
produced from the double oco-category. This is in contrast to the pointed higher Morita
categories of Scheimbauer which are automatically complete by a variant of the argument in
[Sch14, Proposition 3.2.34]. The argument relies on working with pointed bimodules (and
point-preserving bimodule homomorphisms), and hence does not translate to the pointless
setting. Observe that the fact that we have to complete is consistent with the (pointless)
higher Morita categories constructed by Haugseng, which also requires the completion-step;
c.f. [Haul7, Definition 4.40].

9.1.4. Symmetric monoidal structure on ALG{’I(C). We briefly explain how the sym-
metric monoidal structure of the (oo, 2)-category ALGIfl(C) is constructed. This construction
is identical to the construction of the symmetric monoidal structure on ALGE'(C) as written
in [GS18, Appendix A.4].

Recall that a symmetric monoidal (0o, 2)-category can be represented by a monoid object
in (0o, 2)-categories. This can in turn come from a monoid in category objects in CAT,
which is what is constructed in the pointless version of [GS18| Definition A.14] below.

208ee also Section on how one obtains a family of constructible (pointless) factorization algebras as
objects (1-morphisms).
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Definition 9.18. Let Algﬁ)l’@) be the left Kan extension of FACTI:’C?_)H_ along id x , i.e.

FACTpl,cstr

Am(—)H-
FIN, x Strat ———"—— CATo
idxm ,/”’///
l T Alglfl’®

FIN, x A°P

With the above definition one directly gets the below as a corollary of the proof of [GS18,
Theorem A.15].

THEOREM 9.19. The functor Alglfl’® satisfies the Segal condition in both FIN, and A°P
and thus determines a symmetric monoidal (0o, 2)-category.

Establishing the Segal condition in A°P is a straightforward variant of the proof of [GS18|,
Theorem A.11], while the Segal condition in FIN, is analogous to the argument from Propo-
sition equipping FACTE’(I’CStlr with a symmetric monoidal structure. As before, the crucial
ingredient in both cases is that constructible pointless factorization algebras glue.

9.1.5. Extracting an informal description for n = 1. The pointless higher Morita cate-
gories have an informal description analogous to that of the pointed version of Scheimbauer.
Here we briefly explain how to recover this informal description in the setting of ALG?I(C),
as well as highlight the difference between the pointed and pointless version in this informal
language. More details on the informal description can be found in |[GS18, §2.2 & 2.3].

Fix an object [k] € A°P. Then (Alglfl)k, defined as a left Kan extension, assigns a colimit
indexed by Strat ;). Explicitly,

(Algh)), = SECSC&PlaItI/I[k] FACTI:I’S?g)
The objects of Strat ) are all stratifications S C [0, 1] with k + 2 elements, and morphisms
are simply rescalings.

In words, an object of (Alg}fl) & is essentially a family of constructible pointless factorization
algebras JFg, for each such stratification S, such that for any rescaling map f: S — S
between any two such stratifications we have an induced equivalence f;Fs ~ Fg. In the
informal description one instead specify just a representative of this collection; the rest of
the family can be recovered by pushing forward along rescaling maps (which indeed induces
equivalences).

Explicitly, just specifying a representative we have that

(0) an object or 0-morphism of the pointless higher Morita category ALGIfl(C) corre-
sponds to an element of (Alg‘l’l)o, i.e. a locally constant factorization algebra on
(0,1).

(1) a 1-morphism is given by an element of (Alglfl)l, i.e. a constructible pointless fac-
torization algebra on (0, 1) stratified by one point which is also marked.

Notation 9.20. We often say that an object, respectively 1-morphism of ALGIfl(C) is encoded
by a constructible pointless factorization algebra F. In this situation F is understood to be
defined on (0, 1), respectively (0, 1) stratified by a marked point.
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We now explain how to extract the source and target objects of a 1-morphism, as well as
how 1-morphisms are composed. For this recall Remark which explains what morphisms
of A°P the generating morphisms of Strat are sent to (under 7).

e Source and target: Let F encode a l-morphism of ALGII)I(C). The source, denoted
s(F), is extracted by pushing forward F along the outer collapse map f, from
Similarly, the target, t(F), is obtained by pushing forward F along the outer collapse
map f; instead. At the level of stratified marked spaces this corresponds to reading
the figures from left to right.

e Composition: Let F; and Fa be two constructible pointless factorization algebras on
(0,1) with a marked stratified point. Moreover, assume that ¢(F;) ~ s(F2) (making
the 1-morphisms composable). We first glue F; and F, along their common target
respectively source to obtain, after a rescaling, a constructible pointless factorization
algebra F on (0, 1) stratified by 2 marked points, i.e. an object of (Algﬁﬂ)g. To obtain
an honest 1-morphism from this one has to push forward along the inner collapse

map from

Note also that the degeneracy maps are given by adding points to the stratification |(A){ which
simply corresponds to adding an identity 1-morphism. We also extract the following useful
geometric picture for the (symmetric) monoidal product:

e Monoidal product: Let F and G encode two objects of ALG?I(C). First glue F
and G to define a constructible pointless factorization algebra on two disjoint copies
of (0,1), and visualize the two copies as being “stacked” above one another. To
obtain an actual object of ALGIfl(C) from this one pushes forward along the fold map
V:(0,1)I1(0,1) — (0,1), which one can think of as “fusing” the two disjoint copies
of (0,1).

The same visual picture also applies for 1-morphisms after possibly rescaling to make sure
that the marked stratified point on both copies of (0, 1) agree.

Remark 9.21. The difference between the pointed and pointless version of the higher Morita
categories for n = 1 arises at the level of 1-morphisms of ALGE’I(C) since that is where the
0-dimensional strata enters the conversation. Similarly, because 2-morphisms are morphisms
of constructible factorization algebras, respectively of constructible pointless factorization
algebras the difference propagates also to higher morphisms.

9.1.6. The general construction. We give some details on how the formal construction
of ALGP(C) works for n > 1. For the full details we refer to the forthcoming paper [Schl.

To construct ALGE1 (C) the idea is to work with the n-fold product of Strat, instead of just
one copy. The first thing to understand is how to extract an associated (maximally marked)
stratified space of the n-cube [0,1]" from an object S € Strat™. Before we outline this for
general n, we give two examples for n = 2 to give the reader some intuition.

Example 9.22. Let n = 2 and consider the following three objects S; = {0,si,si, 1},
Sy = {0,1} and Sj = {0,5%,53,52,1} of Strat. From the pair (S;,S2) € Strat? we extract
a stratification of [0,1]? whose restriction to (0,1)? is illustrated in the leftmost square of
Figure Similarly, the pair (S;,5%) € Strat? instead gives rise to the rightmost stratified
space of Figure [14] after restricting to (0,1)2. Here all of the six stratified points are set to
be marked points. The dashed horizontal lines are only for visual aid and not part of the
stratification.
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FIGURE 14. Examples of marked stratified spaces extracted from an object of
Strat?.

Now let S = (Si,...,S,) € Strat™ be an arbitrary object. Informally, the associated

mazximally marked stratified space Ap(S) (defined on (0,1)") has

e (n — 1)-dimensional hyperplanes at 1 = {s}}, for each s} € Sy \ {0,1}.

e For each element 3J2- € 52\ {0,1} the intersection of the above (n — 1)-dimensional
hyperplane with the (n — 1)-dimensional hyperplane at xo = {s?} determines an
(n — 2)-dimensional strata. Observe that the latter (n — 1)-dimensional hyperplane
is mot part of the stratification, only the intersection is.

e This iterates all the way to S,,, which determines the 0-dimensional strata (and hence
also the marked points).

Observation 9.23. Let S = (5,...,5,) € Strat™ be an object such that S, = {0,1}, for
some 1 < k < n. From the general procedure outlined above we observe that the associated
(maximally marked) stratified space has no non-trivial strata of dimension (n — k) or lower.

Example 9.24. In the leftmost square of Figure 14| we have Sy = {0,1} and hence there is
no 2 — 2 = 0-dimensional strata appearing. Similarly, choosing (Si,S2) € Strat? such that
S; = {0,1} gives the trivial stratification after restricting to (0,1)? regardless of what S5 is.

Just like for n = 1, the constructible pointless factorization algebras push forward along
the maps of Strat™. Explicitly, recall the generating morphisms of Strat from Observation (9.5
The fact that we can push forward constructible pointless factorization algebras along rescal-
ings or maps that add points (i.e. refinements) does not depend on working with (0, 1)
and directly generalizes to the setting of Strat™. However, in the setting of Strat™ we need
versions of the inner and outer collapse maps and that collapses and rescales only
the stratification in one direction at a time, while acting by identity in the remaining ones.
Explicitly, we need to be able to push forward constructible pointless factorization algebras
along id* x pxid': (0,1)" — (0,1)" for n = k4141, where (0, 1)" comes with a stratification
extracted from Strat™ generalizing the situation for n = 1. This is exactly the content of
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Lemma [8.19] Hence, we get the top horizontal functor in the diagram

FACTI:I’:S('?)
Strat” ————————— CAT4
T
Wnl . (9.2)
T Al

(a)"

We define Algﬁ1 to be the left Kan extension of FACT%:S?S along 7™, i.e. the above dashed
arrow.

The above defines an n-uple simplicial object in CATs,. To actually get an (co,n + 1)-
category from this one first needs to show that AlgP' is an n-uple category object in CATq,
(Definition . That is, for each 1 < ¢ < n and every ki,...,ki_1,kit1,...,k, > 0 one
needs to show that

TN (6 P S S
satisfies the Segal condition. This will again follow by the fact that constructible pointless
factorization algebras glue by a (more complicated) version of Corollary

Moreover, AlgP'(C) even determines an n-fold Segal object in CAT., (Definition .

Explicitly, for each 1 < ¢ < n — 1 and for every ky,...,ki—1,kit1,-..,kn > 0 one needs to
show that the degeneracy map
Alggl(C)kh...ki_l,o,---,o - Alg’rpll(c)kla---,ki—l70,ki+17---7kn (9'3)

is a weak equivalence. Let k= (ki,...,ki—1,0,...,0) and K = (kiy.o oy kic1,0,kip1, ..y kn)
as above.

Remark 9.25. Giving an object in the left hand side of (9.3)) corresponds to giving a family of
pointless factorization algebras which are constructible with respect to the maximally marked
stratified space associated to some object S € Strat™ Ik Similarly, an object in the right hand

side is determined by some object S’ € Strat™ i For notational simplicity we argue by

choosing a representative of this collection. The rest of the family is recovered by pushing
forward along rescaling maps. See Section for more details on this for n = 1.

Observation tells us that since k; = 0 the associated maximally marked space of S
and S’ has no strata of dimension (n — i) or lower. E Recall from Remark that the
degeneracy maps are induced by adding points to the stratification. However, adding points
to go from S to S’ gives the same associated stratified space since we are only adding points in
the entries ¢4 1, ...,n. Thus, by pushing forward along a rescaling map we get an equivalence
between the constructible pointless factorization algebras corresponding to S and S’. This
can in turn be promoted to an equivalence between the corresponding families of constructible
factorization algebras which are all related by rescaling. It follows that the map is indeed
a weak equivalence.

In summary, we get that the functor AlgP'(C) from determines an n-fold Segal
object of CATs. As in the setting of n = 1 we use Construction to extract its underlying
(00, n+ 1)-category. We tentatively summarize this in the following definition, but stress that
this still relies on the full details for the above constructions which will appear in [Sch].

2y particular, since i < n—1 it follows that at most (i.e. when ¢ = n—1) we can have 1-dimensional strata,
but there will be no 0-dimensional strata appearing and thus also no marked points. Hence, the argument is
the same as in the pointed setting.
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Definition 9.26. Let Algﬁl(C’) denote the n-fold Segal object in CAT,, sketched above. We
define the pointless higher Morita category ALGPY(C) to be the underlying (oo, n+ 1)-category
obtained from Construction [B.8

Remark 9.27. We want to stress that the difference between the pointed and pointless higher
Morita categories constructed from constructible ordinary respectively pointless factorization
algebras arises at the level of n-morphisms (and as a consequence also the higher morphisms).
The stratified spaces encoding n-morphisms are the only ones having 0-dimensional strata and
hence marked points, so this is the only place constructible pointless factorization algebras
differ from the ordinary constructible factorization algebras. Since e.g. (n+ 1)-morphisms are
maps of n-morphisms, i.e. structure-preserving, these are also different as a consequence of
the structure they need to preserve being different.

Lastly, there is nothing about the construction of the symmetric monoidal structure from
Theorem that hinges on working with n = 1. By substituting Strat with Strat™ one can
adapt the construction to also equip ALGP'(C) with a symmetric monoidal structure.

Remark 9.28. For later convenience we briefly extend the informal description of the point-
less higher Morita categories from Section to n = 2. Objects of ALGSI(C) are encoded
by locally constant factorization algebras while 1-morphisms are encoded by constructible
factorization algebras on (0, 1) stratified by a line at some fixed 21 = a1, for 0 < a; < 1. The
2-morphisms are encoded by constructible pointless factorization algebras on (0,1)? stratified
by a line at 1 = a; and a marked point in its interior given by the intersection of z1 = ay
and x9 = ag. That is, at the level of stratified (marked) spaces we have:

object 1-morphism 2-morphism

Convention 9.29. Recall that the 1-morphisms in ALGE’l (C) are read from left to right, as
explained in Section Thus, we also read 1-morphisms of ALGIQ)I(C) from left to right.
Figure [15] illustrated how to extract the source and target 1-morphisms of a 2-morphism of
ALGEI(C) at the level of marked stratified spaces. As we can see, the convention is to read
2-morphisms from bottom to top.
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target

source

FicURE 15. An illustration of how one extracts the source and target 1-
morphisms of a 2-morphism in ALGS1 ©).

9.2. The even higher pointless Morita categories. In [JFS17|, Johnson-Freyd and
Scheimbauer constructs the even higher Morita categories. That is, they allow for the target
category C to be a symmetric monoidal (oo, m)-category, for m > 1. Using the higher mor-
phisms of C one then obtain versions of the higher Morita categories which are (oo, n + m)-
categories in contrast to “only” (oo,n + 1)-categories. We give a short summary of their
constructions, and explain how this also applies to the pointless higher Morita categories
constructed in this thesis.

From an (oo, m)-category C one can construct an (m — 1)-uple simplicial diagram of
(00, 1)-categories as follows:

C5: (AP)™ ! s CATy (9.4)
'— CfD = T(co,1) e .

Here, ©' is a strict higher category appearing as an object in Joyal’s category Op,, viewed
as an (0o, m)-category, while T 1) [©,C] is the (underlying) (oo, 1)-category of functors into
C. For example, for [= (1,...,1,0...,0) where the first [ entries are ones, one can think of
the (oo, 1)-category T(w71)[@l,0] as extracting the (oo, 1)-category of l-morphisms. We refer
the reader to [JFS17, §4 & 5] for more details on this. Moreover, by [JFS17, Theorem 5.11]
the (m — 1)-uple simplicial diagram is actually a complete (m — 1)-fold Segal object in
CATso.

Remark 9.30. Compared to the notation in [JFS17] the above diagram C" is denoted by
Cltrong]  They also construct two additional alternatives for CP which corresponds to lax and
oplax versions of bimodules. See for example [JES17, Definition 5.14] for the three variants

of the diagram from Equation (9.4). We never need these variants in this thesis, but note
that Theorem [9.34] applies to all three versions.

The two steps for constructing the even higher (pointless) Morita categories are:

(1) first apply the construction of the pointless higher Morita category not just to a
fixed (oo, 1)-category but rather to the diagram (9.4) (subject to some conditions)
to obtain an (n + m — 1)-uple simplicial object in CATx.
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(2) secondly one needs to ensure that this (n 4+ m — 1)-uple simplicial object satisfies
the Segal condition so that it actually determines an (n + m — 1)-fold Segal object
in CATo, or in other words an (oo, n + m)-category.

For the first step to work we need to put some conditions on the diagram obtained from
C. To understand what these should be we highlight the following direct consequence of the
construction of the pointless higher Morita categories.

Observation 9.31. Let C be ®-presentable, and let Alglzl (C)s denote the n-fold Segal object
in CAT, constructed in Corollary for n = 1, and outlined in Section [9.1.6] for general n.
The assignment

C— AlgPl(C)s
is functorial for ®-cocontinuous functors.

Hence, the reasonable condition to put on the diagram C® is the following:

Definition 9.32. Let C be a symmetric monoidal (co, m)-category. The diagram C" is called
®-presentable if it is an (m — 1)-uple simplicial diagram of ®-presentable categories and
®-cocontinuous functors.

Remark 9.33. Observe that for the version of the higher Morita category of Scheimbauer
one typically asks for the diagram C to be ®-sifted cocomplete. However, the proof that
constructible factorization algebras glue from [KSW24] requires C to be ®-presentable. In the
current version of [KSW24] we did not check whether one can use e.g. [AFT17a, Corollary
2.28], which says that Disks /x 1s sifted, to show that ®-sifted cocompleteness is sufficient.
The version of Haugseng requires C-' to be ®-GR-cocomplete. See [JFS17, Definition 8.3]
for the exact definitions. Since we do not have a good understanding of the colimits needed
for the pointless higher Morita categories constructed from pointless factorization algebras
we ask for ®-presentable here.

As explained in [JES17, Remark 8.4] it follows from their results, [Lur09a, Lemma
5.4.5.5] and Observation [9.31] (which is the analogue of [JFS17, Theorem 8.2]) that the
assignment

Algh(CF)s: (A%P)" x (A%P)™ ! — CATo (9.5)
(k,1) — Algh!(CP)z

determines an (n+m — 1)-uple simplicial object in CAT,. This concludes step [1{ from above.

We now turn towards step For this (n + m — 1)-uple simplicial object in CATs to
give rise to an (co,n + m)-category we need to ensure that it is an n-fold Segal object
internal to (complete) (m — 1)-fold Segal objects in CAT,. For the higher Morita categories
of Scheimbauer and Haugseng this is proven in [JES17, Theorem 8.5]. We will now explain
that the same arguments carries over to the pointless higher Morita categories constructed in
this thesis.

THEOREM 9.34. Let C be a symmetric monoidal (0o, m)-category such that C° is ®-
presentable. Then Alggl(C;D); from is an n-fold Segal object internal to complete (m —
1)-fold Segal objects in CAT~,. Hence, it has an underlying (co,n + m)-category, denoted
ALGEI(C), which we call the “even higher pointless Morita category”.
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PROOF. For fixed [ we know that Alggl(CrD); is a n-fold Segal object in CAT,. Hence, it

remains to prove that AlgP!(CY) i is a complete (m — 1)-fold Segal object in CAT for fixed k.
We know that CY is a complete (m — 1)-fold Segal object in CATw, from [JES17, Remark 8.4].

Hence, the Segal condition follows if we know that the functor AlgP'(—) i preserves fibered
products. We show this in Proposition which is an adaptation of [JFS17, Proposition
8.17]. O

Before giving the missing proposition, we record the following useful observation.

Observation 9.35. Fix some tuple S € Strat” Ik Recall that A, (S) denotes the associated

(maximally marked) stratified space defined for n = 1 in Definition and sketched in
Section for general n. Then, the (fully faithful) inclusion of the fiber
l,cstr
Fact} 75 (€) — Alghl(C)z (9.6)
is an equivalence. The essential surjectivity follows from how all of the stratifications appear-
ing on the right hand side can be rescaled (in a compatible way) to the fixed stratification

A (S), just like for ordinary factorization algebras.
For the proof of the following proposition we also introduce the following notation:

Notation 9.36. Let CATE, denote the oco-category of ®-presentable oo-categories and ®-
cocontinuous functors, while CATE' denotes the oo-category of symmetric monoidal oo-
categories and symmetric monoidal functors.

We now give the analogue of [JES17, Proposition 8.17], as well as a more detailed version
of the proof from [JFS17| adapted to the pointless setting.

Proposition 9.37. For fized k € (A°P)" the functor Alggl(—)g from CATE. to CATo, pre-
serves fibered products.

ProOF. The equivalence is natural in C, so the proposition follows if we can show

that FACTXII’:?%(—) preserves fibered products. We will show this for any stratified maximally
marked space X here.

It will be convenient to first argue at the level of algebras, for which we need the following:
By [Lur09a, Proposition 5.5.3.13] and the fact that fibered products of symmetric monoidal
oo-categories are computed pointwise we get that the fibered product (computed in CAT)
of ®-presentable oco-categories along ®-cocontinuous functors is again a ®-presentable oco-
category. Moreover, the projection maps are ®-cocontinuous.

Recall that FACTB’(I’CS“(—) is a subfunctor of Alg, . (x) (=), where the latter refers to

mrk

algebras over the oc-operad open(X)® .. The functor Algopen(X) e (7)1 CATS — CATo

mrk”

preserves limits. First of all, the functor Alg,,en(x),,.(—) factors as CATS U, OPDe —
CAT, where the first functor Und: CATE) — OPDy sends a symmetric monoidal co-category
to its underlying oo-operad. By [Lurl7, Section 2.2.4] the functor Und has a left adjoint,
called the symmetric monoidal envelope, and thus by virtue of being a right adjoint it preserves
limits. The second functor OPD,, — CAT, is given by a mapping space, and hence also
preserves limits. Explicitly, if we start with a fibered product D® xgo F® we obtain the
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pullback square:
Algopen(X)mrk (D Xg "r) I Algopen(X)mrk (D)

l l (9.7)

Algopen(X)mrk ('F) — Algopen(X) 5)

mrk (

It remains to show that this pullback square restricts to constructible pointless factorization
algebras. We do this by arguing that the pullback restricts (separately) to constructible
pointless prefactorization algebras, multiplicative pointless prefactorization algebras and to
marked Weiss cosheaves.

e For constructibility, note that we have an equivalence in the fibered product D® x ¢e
F© if and only if its images in each component is an equivalence. Hence, the square
(19.7) restricts to constructible pointless prefactorization algebras.

e For multiplicativity we use that a morphism in the fibered product is cocartesian
if and only if its images in each component is cocartesian. Hence, the square also
restricts to a pullback of the corresponding oo-categories of multiplicative pointless
prefactorization algebras.

e For the marked Weiss cosheaf conditions we first note that by [Lur09a, Lemma
5.4.5.5] a diagram (of a specific shape) in the fiber product is a colimit diagram if
and only if the projections are. Applying this for any diagram coming from a marked
Weiss cover gives that an algebra in the fiber product is a marked Weiss cosheaf if
and only if each projection is a marked Weiss cosheaf.

Hence, we in total get that the square (9.7) indeed restricts to constructible pointless factor-
ization algebras, so we are done. O

Having established that the theory of even higher Morita categories also applies to our
pointless version we give an interesting example of this from the literature.

Example 9.38. The main example of an even higher Morita category here is ALGSl(Pr)
constructed by Brochier, Jordan and Snyder in [BJS21]. Strictly speaking, they employ
Haugseng’s model for their construction, which we expect to be equivalent to our pointless
version. However, they also explain how to understand their structures in terms of structure
maps of constructible factorization algebras, c.f. [BJS21, Figure 1-4]. In fact, they even draw
intuition from the results of [GS18] for part of their dualizability-results.

Recall from [BJS21| Definition 2.7] that Pr is the 2-category of locally presentable cate-
gories, cocontinuous functors and natural transformations. For notational simplicity we will
abbreviate and simply say e.g. ‘category’ for an object of Pr below. The symmetric monoidal
structure is given by the Deligne-Kelly tensor products; c.f. [BJS21l Definition 2.8]. More-
over, the diagram Pr” is ®-presentable by e.g. the same arguments outlined in [JFS17,
Example 8.11]. Informally, the 4-category ALGEI(Pr) is given as follows:

e objects are braided tensor categories,

e l-morphisms are tensor categories with central structures, H
e 2-morphisms are centered bimodule categories,

e 3-morphisms are bimodule functors of such, and

22this is a different way of packaging the data of a bimodule category of braided tensor categories. See
[BJS21| Definition-Proposition 3.2] for more details, as well as [BJS21] Figure 2] which connects this to
constructible factorization algebras.
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e 4-morphisms are natural transformations of such.

The composition of 1- and 2-morphisms is defined using the balanced Deligne-Kelly tensor
product. In [BJS21] they show explicitly that this indeed is well-defined, i.e. that the com-
position they define indeed is a 1- respectively 2-morphism. If one instead works with our
pointless version one would get that the composition is given by the balanced Deligne-Kelly
tensor product as a consequence of the marked Weiss cosheaf condition as explained in Ex-
ample Within this 4-category they obtain sufficient conditions for 3- and 4-dualizability,
we recall this in more detail in Remark later.

Recall that our main motivation for constructing the pointless version of the higher Morita
category is to examine n and (n + 1)-dualizability therein. However, with the even higher
version there is some potential ambiguity. A priori the two actions below could give different
(00, n + 1)-categories

e first truncate C to get an (0o, 1)-category before applying ALGP'(—), or
o first apply ALGP/(—) and then truncate the resulting (co,n + m)-category to an
(00, n + 1)-category.
However, from the construction of the even higher pointless Morita category one can see that
the above two actions are equivalent. That is, we have the following result.

Proposition 9.39. [GS18| Proposition A.20] The inclusion T(x 1)C — C induces an equiv-
alence of (0o, n + 1)-categories

T(oomt1)ALCE(C) ~ ALGE (7(00.1)C) ~ ALGE'(CGl o) -

Remark 9.40. Because of the above proposition we choose not to introduce special notation
for the even higher Morita categories here. Whenever one is interested in up to (n + 1)-
dualizability in ALGPY(C) it is sufficient to consider ALGEI(T(OOJ)C). Similarly, we also do not
spell out the symmetric monoidal structure of the even higher Morita categories here since
we do not need it, and simply refer the interested reader to [JFS17] and [Sch]

9.3. Comparing higher Morita categories. With the formal definition of the point-
less higher Morita categories we can now properly compare it to the pointed version by
Scheimbauer. We also conjecture an equivalence between the pointless higher Morita cate-
gories constructed in this thesis and the (also pointless) higher Morita categories of Haugseng
from [Haul7].

Recall from Lemma that restriction along the inclusion tx : open(X )k — open(X)
induces a functor % : FACTSEY — FAcTR ™" of constructible (pointless) factorization alge-
bras. Moreover, the functor ¢% is shown to be symmetric monoidal in Proposition This

is the key ingredient for proving the following theorem.

THEOREM 9.41. Let C be a symmetric monoidal ®@-presentable co-category. We have a
symmetric monoidal functor of (co,n + 1)-categories

o ALeP(C) — ALcPl(C) (9.8)
where the former refers to the higher Morita category of Scheimbauer.

Proor. For simplicity, let n = 1. The argument for general n is entirely analogous. Recall

from Definition |9.18 how the symmetric monoidal structure on Alglfl(C) is constructed. By
replacing constructible pointless algebras by their ordinary version the same definition also
gives the symmetric monoidal structure on Alglftd (0).
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We claim that restriction along ¢ := ¢ 4(_yu- induces a natural transformation

o= LZ(—)H*: FACTKS‘F_)H, = FACT%I;:Et_r)H_ ) (9.9)

First fix some I € FIN, and let f: S — S’ be any morphism of Strat. Consider the square

Wierf
cstr iclJy cstr

E | _— E

AC Q(S)HI AC A(S/)]—U

Caesyun | [#agsrr (9.10)

FacT “0dm —on FACTIXI’:?E)HI
where f; is the restricted pushforward from Definition Here, An(S) is the associated
maximally marked space from Deﬁnition while A(S) is the corresponding trivially marked
version. By Proposition the restricted push forward preserves constructible (pointless)
factorization algebras. Thus Lemma and Lemma tells us that the square
commutes. Now fix S € Strat and let f: I, — J; be any map in FIN,. Then the square
analogous to commutes by (the proof of) Proposition In summary we have
established that +* indeed induces a natural transformation as i. This in turn induces
a natural transformation
o AlgP P (C) = Al (C)

This gives rise to a symmetric monoidal functor between the two underlying symmetric
monoidal (oo, 2)-categories. For general n the proof works exactly the same way by sim-
ply replacing m: Strat — A°P with its n-fold product 7™ : Strat™ — (A°P)™. O

Recall that the map tx: open(X )y — open(X) is not fully faithful when X has non-
trivial marking, so the above constructed functor between the pointed and pointless higher
Morita categories is also not fully faithful in general. However, it is only at the level of strat-

ifications giving rise to n-morphisms that this happens. In fact, ¢*: FACTCAS%) — FACTI:’C?%I)

is an equality for all configurations S = (S41,...,S5,) € Strat™ where Sy = {0,1} for at least
one k < n. Hence, we get the following as a consequence of Theorem

Corollary 9.42. Let C be a symmetric monoidal @-presentable co-category. The functor
induces an equivalence on the truncations to (0o, n — 1)-categories. Explicitly,

7-(oo,nfl)b*: T(oo,nfl)ALthd(C) = T(oo,nfl)ALGgl(C) :

It has long been conjectured that the higher Morita categories constructed by Haugseng
and Scheimbauer should be related. See for example [Haul7, Conjecture 1.9]. It is hence
natural to expect our pointless version constructed here to be equivalent to Haugseng’s version,
which we denote by ALGH(C) here.

Conjecture 9.43. Let C be a symmetric monoidal ®-presentable co-category. The symmetric
monoidal (co,n + 1)-categories ALGEY(C) and ALGY(C) are equivalent.

Remark 9.44. Note that this kind of comparison seems to be difficult to make precise. There
is a known equivalence at the level of objects, but an extension of this to the entire Morita
theory (i.e. iterative bimodules) is not yet present in the literature. One approach is to exhibit
bimodules of associative algebras as constructible factorization algebras on the line stratified
with a point. This is well-understood for constructible factorization algebras on [0, 00) and
right modules, see e.g. [KSW24, Example 5.27], and has a rather straightforward extension
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to the setting with bimodules. With such an identification on can then bootstrap this to
bimodules of bimodules (etc) using a version of Dunn’s additivity theorem for constructible
(pointless) factorization algebras; such a result is work in progress by Anja Svraka.
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10. Dualizability in pointless higher Morita categories

We start by explaining how the results from [GS18] proving that ALGPY(C) is fully n-
dualizable directly translates to give full n-dualizability of ALGP!(C) in Section For future
convenience we also explain how to extract the dualizability data witnessing that an object
of ALGP'(C) is n-dualizable from the constructions of [GS18]. In Section we consider
(n + 1)-dualizability in ALGPY(C) by giving a conjecture of Lurie and partially proving it for
n = 2. For a brief introduction to dualizability in higher categories we refer the reader to

Appendix

10.1. Full n-dualizability of ALGP!(C). In this section we explain how the full n-
dualizability results of the pointed higher Morita categories ALGEY(C) from [GS18] carry
over to our pointless version. Then we sketch how one extracts the full n-dualizability data
of a fixed object of ALGP!(C), first for n = 2 and then for general n, from the explicit
constructions of [GS18|.

Corollary 10.1. Let C be a symmetric monoidal (co, m)-category and let C- be @-presentable
(see Definition . The symmetric monoidal (oo,n + m)-category ALGPY(C) is fully n-
dualizable, i.e.

(1) every object of ALGEY(C) has a dual; and

(2) if 1 <k <n, any k-morphism in ALGPY(C) has both a left and a right adjoint.

PROOF. Direct consequence of [GS18| Theorem 4.1], which is the same statement for
ALGPY(C), and Theorem together with Proposition O

Remark 10.2. There are three versions of the even higher Morita categories constructed in
[JES17], see also Remark [0.30] Since full n-dualizability is detected in the (oo, n)-truncation
of ALGEI(C), which agrees for all three versions of the even higher Morita categories, Corol-
lary applies to all three versions.

Remark 10.3. Recall that the pointed higher Morita category is automatically complete,
while the pointless version is not, and hence we need to complete the latter. However, this
does not influence the results regarding duals and adjoints. In fact, the mapping Segal spaces
in the completion is the completion of the mapping Segal spaces ([Haul7, Lemma 5.50]), so
one does not need to complete to check if an n-fold Segal space has adjoints for k-morphisms.
See also [Haul8, Remark 11.8].

It will be helpful for results in Section to extract the dualizability-data of an object
of ALGP!(C) from the proof of [GS18|, Theorem 4.1]. Before considering the general case, we
first make this explicit for n = 2. It will be sufficient to understand the left adjoints here,
and we refer the reader to [GS18]| for the analogous construction of right adjoints.

We first explain how to get dual objects in ALGQpl (C) in the following construction which
is a combination of [GS18| Definition 3.5 & Construction 3.6].

Construction 10.4. Let R denote an arbitrary object of ALGSI(C) encoded by the con-
structible factorization algebra F. Let r: (0,1) — (0,1) denote the reflection map given by
x1 — 1 — x1. From this the reversing map is defined to be rev := r x id. The dual of
R is denoted R*¥ and is encoded by the constructible factorization algebra rev,F, i.e. the
pushforward of F along the reversing map.
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The reversing map is adequately stratified, so we can indeed push forward along it. The
push forward is illustrated in Figure [I6] where we have added the page framing as well as its
image under the reversing map. The framing is not part of the morphism, however, it is a
useful tool for book-keeping.

FIGURE 16. An arbitrary object of ALGgl(C) and its dual.

The corresponding evaluation 1-morphism is constructed in three steps in [GS18], Con-
struction 3.19], which we briefly recall here.

Construction 10.5.

(1) First consider R as an identity 1-morphism. This is done by adding a line at e.g. 1 =
1 to the trivial stratification of (0,1)?) and observing that R is clearly constructible
with respect to this stratification.

(2) The evaluation map comes from bending the right side of this square up and to the
left in the ambient 3-dimensional space, resulting in the leftmost surface of Figure[17]

(3) To obtain an actual l-morphism of ALGgl(C) one then has to push forward the
resulting constructible factorization algebra along a projection map to (0, 1)2 which
forgets about the vertical direction. This projection map is adequately stratified
exactly when we also equip the target (0,1)? with a line at z; = %

The last two steps combine to give the fold map, denoted f, as in [GS18|, Definition 3.18
& Construction 3.19]. Pushing forward along it gives the evaluation 1-morphism

evp=R:RVRQR -1 .

Similarly, the coevaluation 1-morphism is instead given by folding the left side of the square
from Construction down and to the right. See [GS18|, Construction 3.21] for details.
This is illustrated in the rightmost surface of Figure [17] and (after pushing forward along the
projection to (0,1)?) results in a 1-morphism

coevyg = Ro: 1 — R@ RV .

231 the stratification we started with was not at z; = % one instead has to modify the steps here by

adding suitable rescalings. This only makes the construction more notationally involved, so we choose to work
with the standard stratification here.
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/
V> =

F1GURE 17. Evaluation and coevaluation 1-morphisms before projecting.

Remark 10.6. We make the choice of illustrating the above procedure before projecting
down to (0,1)2 because the corresponding figures are the ones that will be helpful when
examining (n + 1)-dualizability in Section m For the same reason we also illustrate the
corresponding unit and counit 2-morphisms witnessing that the evaluation and coevaluation
has left adjoints below before projecting down to (0,1)2.

In [GS18] they construct left adjoints for any 1-morphism by a bending procedure similar
to the above but in the first and second multiplicative directions. Let A: R — § be an
arbitrary 1-morphism encoded by a constructible factorization algebra J on (0,1)? stratified
by a line at z; = % The corresponding counit 2-morphism witnessing that A has a left

adjoint is that of [GS18|, Construction 3.16] whose steps are outlined below.

Construction 10.7.

(1) One first bends the top of the stratified square (0,1)? to the right and down. Explic-
itly, this can be done e.g. by the diffeomorphism ¢ of [GS18, Example 3.15]. This
introduces a rotation, namely 180 degrees clockwise rotation before a 180 degrees
counterclockwise rotation back, in the lower right corner of the square.

(2) Lastly, one uses a product of two suitable collapse and rescale maps, e.g. 7 = p? x p?
as chosen in [GS18], Example 3.15], to obtain an honest 2-morphism. We prove that
one indeed can push forward constructible (pointless) factorization algebras along
in Lemma [T0.17] below.

Applying the above steps to the l1-morphism coevg = R¢ we get that the counit 2-
morphism witnessing that coevg has a left adjoint corresponds to a constructible factor-
ization algebra on the surface of Figure 18| (before projecting to the plane and collapsing-and-
rescaling). Using the notation of [GS18], Construction 3.16] the counit 2-morphism is

m .
Ecoevy — (RC) ! COEVR ORgRrev COGV% = idg s

where coevg“z denotes the left adjoint. @

24 Just looking at the pictures here one might think that coev} is equivalent to evy. However, this is not
the case because of the non-trivial rotation of the framing in the former.
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FIGURE 18. The counit 2-morphism €coevy -

The unit witnessing that coevy has a left adjoint is produced in [GS18| Construction
3.17]. In words this construction takes the square from Construction and bends the
bottom of the square to the left and up instead, e.g. by the inverse diffeomorphism ¢~!. This
gives a constructible factorization algebra on the surface of Figure [19] below. After projecting
to the plane and collapsing-and-rescaling one gets the 2-morphism

(G
Neoevy = (R idgggrer = coev& o1 coevy .

FIGURE 19. The unit 2-morphism 7coevsy, -

The unit and counit 2-morphisms witnessing that evy has a left adjoint are produced
in the exact same way. At the level of stratified surfaces before pushing forward along the
projection and collapse-and-rescale maps we have that the counit 2-morphism &y, is given by
a constructible factorization algebra on the leftmost surface of Figure Similarly, the unit
2-morphism 7y, is given by a constructible factorization algebra on the rightmost surface of
Figure

Remark 10.8. Observe that for the folding procedure to obtain the evaluation and coeval-
uation 1-morphisms one is folding (or bending) in the 1st multiplicative direction and the
ambient space, which one can think of as the Oth multiplicative direction. Similarly, to obtain
the unit and counit 2-morphisms one bends in the 2nd multiplicative direction and the 1st
multiplicative direction, which here takes the role of the ambient space from above.
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FIGURE 20. The counit and unit 2-morphisms e¢y,, respectively 7ey,,.

For general n one obtains the dualizability-data by leveraging the bending procedures for
n = 2 together with suitable copies of identities. We outline how to obtain the k-morphisms,
for k < n, appearing in the n-dualizability data of an object of ALGP!(C).

(1) The evaluation 1-morphism of an object encoded by a constructible factorization
algebra JF is obtained by the steps in Construction|10.5|applied to the first coordinate.
Explicitly, one adds an (n — 1)-dimensional hyperplane to the stratification, e.g. at
T = %, then push forward along the fold map and (n — 1) copies of the identity
map, i.e. f x id" !, This is again adequately stratified, c.f. Example The
coevaluation 1-morphism is constructed the same way just using the second version
of the fold map.

(2) To obtain the counit 2-morphisms of that data one use the bending procedure from
Construction times (n — 2)-copies of the identity map. Similarly, the unit 2-
morphism is constructed the same way modulo using e.g. the inverse diffeomorphism.

(k) In general, to obtain the counit k-morphism one has to push forward the corre-
sponding constructible (pointless) factorization algebra along id*2 x (10 ¢) x id" ¥,
where we borrowed the notation from Construction [10.7, The unit k-morphism is
obtained similarly by using e.g. the inverse diffeomorphism. See Lemma for a
proof that pushing forward along these maps indeed induces functors of constructible
(pointless) factorization algebras.

For complete details on the above outlined procedure we refer the reader to [GS18].

Remark 10.9. From the constructions of [GS18] it is clear why one can never get (n + 1)-
dualizability in ALGP'(C) by similar arguments. Put simply, we are “out of directions to bend”.
This is also evident in how the nature of an n-morphism of ALGP!(C) is very different from
that of an (n + 1)-morphism. The former is a constructible (pointless) factorization algebra
for a particular stratification while the latter instead is a morphism of such constructible
(pointless) factorization algebras.

Remark 10.10. Gwilliam and Scheimbauer also prove an interesting result regarding (n+1)-
dualizable objects of ALGP'Y(C). Namely, they prove that any (n + 1)-dualizable object of
ALGPY(C) is equivalent to the unit locally constant factorization algebra on (0,1)" [GS18|
Theorem 5.1]. In other words, there are no interesting (n+1)-dualizable objects in ALGPY¥(C),
and the reason for this is the pointings introduced at the level of n-morphisms. This is the
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main motivation for constructing the pointless higher Morita category as explained in detail
in Section

We now give the postponed proof that we can indeed push forward constructible (point-
less) factorization algebras along maps of the form

(10¢) ) =id*"2 x (10 ¢) xid"*: (0,1)" — (0,1)",  for2<k<n, (10.1)

where ¢ is the diffeomorphism from [GS18, Example 3.15] and 7 = p% x p? for a suitable
choice of 0 < b<a<1land 0 <d<c<1asin [GS18, Example 3.15]. El Such a suitable
choice, as well as the maps ¢ and 7, are illustrated for n = 2 in Figure The source copy of
(0,1)™ in is stratified such that it encodes a (k — 1)-morphism of ALGP!(C). Explicitly,
the stratification is given by the flag

0 - {(a17 ) akil)} X (07 1) - {(al’ R ak72)} x (07 1)2 c---C (07 1)TL :
The target copy of (0,1)" is then seen to be encoding a k-morphism of ALGP!(C).

C
¢ T
—_— —
d
b a

FIGURE 21. An illustration of the composite map 7o ¢ for n = 2 producing a
2-morphism in ALGY'(C) from a 1-morphism.

Lemma 10.11. Consider (ro$)® from (10.1]) where the stratifications are as explained above.
Pushing forward along (T o g{))(k) induces a functor of constructible (pointless) factorization
algebras

(10 ¢)k)),: FACTF(I):Cls)Ef — FACT?&:CSE ,

The same is true when replacing ¢ with ¢~ ".

PROOF. We only spell out the details for ¢ here, the version with ¢! is a direct mod-
ification. The map ¢ is adequately stratified, so by Lemma we know that pushing
forward along it induces a functor of constructible (pointless) factorization algebras. Hence,
we only need to address 7% == id*=2 x 7 x id"7*: (0,1)" — (0,1)". As usual, we have from
Lemma that the pushforward preserves (pointless) factorization algebras. Thus, we only
need to check constructibility.

Let A be a constructible factorization algebra in the source of 7/, i.e. a constructible
factorization algebra on (0, 1) with stratification induced from already having pushed forward
along ¢ = id* =2 x ¢ xid" . The only types of inclusions of basic disks whose preimages are
not inclusions of basic disks are those that intersect the (non-trivial) (n — k + 1)-dimensional
strata of the target. Let U —™ V be an inclusion of basic disks of this type. The preimages

k)

25T some more detail: one first restrict the stratified space to the xrp_1 and xp-coordinates and then
chooses a, b, c,d as in [GS18], Example 3.15].



10. DUALIZABILITY IN POINTLESS HIGHER MORITA CATEGORIES 109

U= (r®)"1(U) and V := (+®))=1(V) then intersect the (n — k + 1)-dimensional strata of
the source twice. Such an inclusion, and the corresponding preimages, is illustrated for n = 2
in Figure Let e; and es be the maximum, respectively minimum xj_1-coordinates of the

two intersections of V with the (n — k + 1)-dimensional strata. This is also illustrated in
Figure [22] for n = 2. With this we define the following Weiss cover of V'

= VA O D2 x (0,1 f € (e1,e0)) - (102)

The restriction Wy == {W N U | W € W} is a Weiss cover of U. By multiplicativity and
constructibility of A we have that W N U — W is A-local for each W € Wy We conclude,
as in the proof of Lemma that U — V is A-local which in turn proves the lemma. O

b €1 €2 a

FIGURE 22. An illustration of an inclusion whose preimages are not basic
disks and the choice of e; and ey used to build the Weiss cover in ((10.2)).

10.2. Towards higher dualizability in ALGP'(C). We now turn towards expectations
and results regarding (n + 1)-dualizability in the context of ALGP!(C). In particular, we
partially prove a result conjectured by Lurie for n = 2. Some of the statements in this section
are phrased using factorization homology. We refer the reader unfamiliar with this notion to
Section [11] for the definition and some basic results P9

We will freely use the equivalence between locally constant factorization algebras on R”™
and E,-algebras in this section and only distinguish them with the following notation.

Notation 10.12. Throughout this section we will denote factorization algebras by mathscr-
letters like R, 8§ while the corresponding E,,-algebras are denoted by mathcal-letters like R, S.

We will also use the following assumption throughout.
Assumption 10.13. Let A: R — & be a 1-morphism in ALGE’I(C). We assume that this is
equivalent to an (R, S)-bimodule (in C) which we also denote A.

26The discussion in Section is tailored to the oriented setting. Thus, to get the right notions for this
section one needs to replace ‘oriented manifold’ by ‘framed manifold’ and ‘framed Eg-algebra’ by ‘E4 algebra’.

See also Remark
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In the setting of constructible ordinary factorization algebras one should get the above
for pointed modules by a more complicated version of the argument in [KSW24, Example
5.27], see also [KSW24| Remark 5.28]. However, some of the intermediate results used there
are not yet established in the pointless setting as explained in Remark [7.32 We now give
some notation and setup needed to state Lurie’s conjecture.

Definition 10.14. Let R be an object of ALGE’I(C). A left (right) R-module A is called
dualizable if it has a left (right) adjoint as an (R, 1¢)-bimodule ((1¢, R)-bimodule) in ALGIfl(C).

Proposition 10.15. [Lurl?, Proposition 4.6.2.13] An (R, S)-bimodule A has a left (right)
adjoint if and only if A is dualizable as a left R-module (right S-module).

As an illustration of how useful the above proposition can be we consider the following
result which first appeared in [Lur09b]. Recall the reverse object R**" from Construction
This corresponds to the opposite multiplicative structure at the level of E;-algebras.

THEOREM 10.16. An object R of ALGIfl(C) is 2-dualizable if, and only if, it is dualizable
as an object of C and as an R @ R**¥-module.

PRrROOF. Every object is 1-dualizable with dual given by R*V as explained in Construc-
tion m The evaluation map is given by R as an (R™ ® R, 1¢)-bimodule, while the co-
evaluation is R as a (l¢, R ® R*V)-bimodule. By Theorem it is sufficient to provide
e.g. left adjoints of the evaluation and coevaluation maps, which by Proposition exactly
corresponds to R being dualizable as an R ® R-module and as a 1g-module. The latter
condition simply means that R is dualizable as an object of C. U

This provides a proof of Conjecture-Theorem below regarding (n + 1)-dualizability
in ALGPY(C) when n = 1. To give the general statement we first need some setup. Let R be
an object of ALGP!(C), or equivalently, let R be an E,-algebra. Let ¢ be a small non-zero
number. Consider a k-disk with the trivial (page) framing. Then S¥~! x R = S¥~1 x (0,¢)
bounds the k-disk and also inherits its framing. The framing of S¥~! x R*~*+1 is the product
framing with the trivial framing on R" *. At the level of factorization homology we then get

an induced action
/ R®/ R= [ RER (10.3)
Sk—l XRn—k+1 n Rn

for each k € {0,1,...,n}. Here we use the convention that S~! = ). Two explicit examples

of this action is given in Example [10.20] and Example [10.21
The below was first conjectured in [Lur09bl, Remark 4.1.27], where it is claimed to follow

from the proof of the cobordism hypothesis.

Conjecture-Theorem 10.17. Let C be a symmetric monoidal ®-presentable co-category.
Let R denote an object of ALGEI(C) and let R be the corresponding E,-algebra. The object
R is (n + 1)-dualizable in ALGPY(C) if, and only if, it is dualizable over the factorization

homologies
/ R (10.4)
Sk—1wRn—k+1
fork=0,1,...,n.

This was proven by Lurie for n = 1 as recalled in Theorem|[10.16| For n = 2 and C = Pr the
theorem is proven in [BJS21]. See Remark [10.27|for some more details on the latter. We will
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give a (partial) proof of Conjecture-Theorem [10.17|for n = 2 assuming that Conjecture |10.26
holds.

Remark 10.18. The condition of Conjecture-Theorem [I0.17] for k£ = 0 boils down to asking
for R to be dualizable as an object of C. Hence, to understand (n+1)-dualizability in ALGP!(C)
one inherently needs to understand dualizability in the underlying category C.

Remark 10.19. We highlight the following observation regarding the minimal number of
conditions present in Conjecture-Theorem From Theorem we know that it is
enough to provide a partial set of full (n + 1)-dualizability data to prove that an object
R € ALGPY(C) is (n + 1)-dualizable. This boils down to providing e.g. left adjoints (and
corresponding unit and counit (n + 1)-morphisms) to the 2" n-morphisms appearing in the
partial set of full n-dualizability data of the object. This is in stark contrast to the condition in
which only requires left adjoints (and corresponding unit and counit (n+1)-morphisms)
to (n + 1) n-morphisms.

Before we address the proof of Conjecture-Theorem [10.17] for n = 2 we need some pre-
liminary results. However, first of all we give some intuition and explanation regarding the
factorization homologies showing up in (10.4)) as well as the action from ((10.3]).

Example 10.20. Let n = 1 = k. The framing of S° x R is the one inherited from the
page framing of the 1-disk, i.e. the interval (—1,1) together with the page framing. One
convenient way to picture this is to imagine bending the 1-disk in the ambient space, i.e. in
the xo-direction of R? say. The 1-disk after this bending is illustrated in Figure [23| together
with S x R (corresponding to the two intervals) with its induced framing. The action
is induced by the inclusion (S° x R) I D! — D!, or in words by “stacking” the two smaller
intervals onto the 1-disk.

m B m
FIGURE 23. The inclusion inducing the action (10.3) for n =1 = k.

Example 10.21. Now let n = 2 = k. Then S' x R comes with the framing inherited from
the page framing of the 2-disk. This is illustrated in Figure [24] below, which also shows the
inclusion giving rise to the action in this case. If one instead considers n = 2 and k = 1
we get a thickened version of the situation illustrated in Figure i.e. the figure times the
identity on a copy of (0,1) going into the page.
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FIGURE 24. The inclusion inducing the action ((10.3|) for n =2 = k.

We now start giving some preliminary constructions and results needed to prove Conjecture-
Theorem [10.17] for n = 2.

Definition 10.22. Let n € IN and let (0,1)" = A,,(S) for S € STRAT™ where each S; =
{0,s;,1}, 7€ {0,1,...,n — 1}, while S,, has k£ + 2 many points. Meanwhile, (0,1) = A, (S,
is the stratified (marked) spaces associated with S,,. Define

pry: (Oal)n_>(0a1)’ (xla--'al‘n)'_)xn .
In words, pr,, is the projection onto the last coordinate.

With the chosen (marked) stratifications above we have that pr,, is adequately stratified
as in Definition Thus, by Lemma pushing forward along pr,, gives a functor

Tpl,cstr FACTpl,cstr (105)

(prp, )« FAC Am(3) Am(Sn) *

Moreover, (pr,)s is even a symmetric monoidal functor as it is clearly compatible with the
Tpl,cstr pl,cstr
(CROLS (0,1)

Observe that a constructible pointless factorization algebra F on the left hand side of
(10.5) encodes an n-morphism of ALGP(C), while its image (pr,,),J encodes a 1-morphism of
ALGIfl(C). Thus, (pr,, )+ induces a functor at the level of the pointless higher Morita categories

which we prove in Lemma For this we will need the following notation.

symmetric monoidal structure on FAC respectively FACT from Proposition |5.11

Notation 10.23. Let X3 be an n-fold simplicial object in D. We abbreviate ¢ many copies
of 1 in & by (i) as in e.g. [JES17]. Explicitly, X511+ = Xg,;),e where the former had i
many copies of 1.

Lemma 10.24. Fiz R, 8 two (n—2)-morphisms of ALGE(C), forn > 2, and let Hom,  0(R,8)
denote the corresponding (oo, 2)-category of morphisms. The functor (10.5)) induces a functor
of (00, 2)-categories

(pr,,)s: Hom R,8) — ALGP(C) (10.6)

ALGEI(
which moreover is symmetric monoidal.
PROOF. Let (AlgP))s be the n-fold Segal object in CAT,, from Section |9.1.6 determining

the pointless higher Morita category ALG?LI(C). Then the left hand side of 1|10.6|) is given by
the following Segal object in CAT

1
HomALGZI (R,8)e = {fR} X(A1g£1)<n_2),o,. (Algg )(n—l),o X(Algzl)(n_z),o,. {S} . (10.7)

From (|10.7) we can forget about the fixed target and source to only get (Algfll)(n_l),. Let
S € STRAT™ ! be an (n— 1)-tuple of stratifications which all are of the form S; = {0, s;, 1} for
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some 0 < s; < 1, i.e. such that 7% 1(S) = [1]*~. Thus, (Alggl)(n_l),. is a left Kan extension

of FACT‘Z’C??,): STRAT — CATo, and it suffices to show that we get an induced natural

transformation

Tpl cstr = FACTpl cstr

(pr,,)s: FAC An(5.—) Am(—) *

This follows from the following diagram commuting from any two S, S; € STRAT and any
generating morphism f of STRAT

(id7 ><f)
pl,cstr (0,1) pl,cstr
%
Fact) A (5,50 Fact) Am(5,5")
(prn)*l l(prn)*
pl,cstr pl,cstr
FACT A (Sn) T FACTA (s1)

Thus, we indeed get a natural transformation between (Alggl)(n_l),, respectively (Algrl’l)..
The adaptation to include the symmetric monoidal structure is straightforward. O

With the above construction we can now give the following corollary which states that
one can transfer adjunctability-data from ALGP'(C) to ALGII)I(C).

Corollary 10.25. If an n-morphism M: A — B of ALGPY(C) has a left (right) adjoint, then
the image of M in ALGE’I(C) also has a left (right) adjoint.

PRrOOF. Follows from the functor ([10.6) being symmetric monoidal and Proposition m
O

The converse implication to that of Corollary [10.25] is far from trivial. That is, let M
again be an n-morphism of ALGP!(C), and assume you know that (pr,,),M has a left adjoint

1-morphism in ALGIfl(C). Does this give rise to an adjunction in ALGP(C)? We conjecture
that this indeed is the case.

Conjecture 10.26. Let M be an n-morphism in ALGP(C). If (pr,)«M has a left (right)
adjoint in ALGII)I(C), then M has a left (right) adjoint n-morphism in ALGP'(C).

The difficulty likes in “promoting” the adjoint 1-morphism in ALG?I(C) to an n-morphism
of ALGPY(C). This requires producing a constructible pointless factorization algebra on (0, 1)"
(stratified by the full flag), where part of the data comes from a constructible pointless
factorization algebra on 0,1) (stratified by a marked point). Explicitly, for n = 2 one has
(after gluing) constructible pointless factorization algebras on the stratified spaces of Figure
from which one wants to produce a constructible pointless factorization algebra encoding a
2-morphism in ALGSI(C).
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FiGURE 25. The pieces from which one needs to define a 2-morphism of
ALGE(C) to prove Conjecture [10.26] for n = 2.

It seems like a marked version of the localization-result of co-operads as in [KSW24,
Proposition 5.19 & Corollary 5.20] could be helpful for this as it would allow one to move
between posets of marked opens of (0,1) and (0,1)" as long as their localization agrees.
Unfortunately, we do not (yet) have an analogue of this in the setting of marked opens and
constructible pointless factorization algebras as explained in Remark

Remark 10.27. Recall the description of ALGE (Pr) of [BIS21] recalled in Example In
that setting Conjecture [L0.26]is proven in [BJS21], Proposition 5.17 & Lemma 5.19]. Given a
2-morphism, i.e. in their notation an A-centered (C,D)-bimodule M, one first forgets about
the A-central structure to get M as a l1-morphism of ALGIfl(Pr). Then, if M has a left
adjoint 1-morphism of ALGlfl(Pr), i.e. a (D, C)-bimodule ¥ M, they equip the left adjoint with
a canonical A-central structure. That is, they exactly promote the left adjoint 1-morphism of
ALGP!(Pr) to a 2-morphism of ALGY (Pr). Moreover, they also show that the unit and counit
2-morphisms of ALGIfl(Pr) extends or promotes to unit and counit 3-morphisms of ALGEI(Pr)
in Lemma 5.19].

In addition, Brochier, Jordan, Safronov and Snyder claim that the argument specific to
C = Pr also applies for arbitrary target categories in [BJSS21] without further justification,
which is not straightforward. See in particular Proposition 2.20 & Theorem 2.22].
In private communication with the authors they suggested that their approach might still go
through by a version of the proof of Proposition but a revised version is yet to appear.

When the original n-morphism is of a particularly easy form we can give an affirmative
answer to Conjecture [10.26] Part of the n-morphisms appearing in the dualizability-data of
an object is of this form.

Observation 10.28. Let M denote an n-morphism of ALGP(C) encoded by a constructible
pointless factorization algebras F. That is, F is defined on (0, 1)" stratified by the full flag.
Assume that F evaluated at a standard disk is only non-trivial if the disk intersects the 1- or
O-dimensional strata, i.e. the strata encoding the source and target (n— 1)-morphisms of M as
well as M itself. Then a left (right) adjoint of (pr,,).M in ALGII)l (C) immediately determines
a left (right) adjoint of M in ALGPY(C) by Proposition

The above situation exactly corresponds to the setting where there is no non-trivial infor-
mation forgotten by pushing forward along pr,,. We now finally give the proof of Conjecture-
Theorem [10.17 for n = 2.



10. DUALIZABILITY IN POINTLESS HIGHER MORITA CATEGORIES 115

PrROOF OF CONJECTURE-THEOREM FOR n = 2 ASSUMING CONJECTURE [10.26] We

first consider the forward implication. That is, assume that R is 3-dualizable in ALGgl(C).
In particular, all the 2-morphisms ¢y, Nev, Ecoevs Neoev apPearing in the 2-dualizability data of
R has left adjoints. By Corollary it follows that the images of the 2-morphisms under
the functor appearing in the 2-dualizability data has left adjoints as 1-morphisms of

ALGP(C). We denote the images by
Eev: Tloy» Ecoevs Teoev - (10.8)

Recall from Convention [9.29] and in particular Figure how one extracts the source and
target 1-morphisms from a 2-morphism. By directly reading off from the figure Figure
we have that (after pushing forward along pr,,) the source object of Z¢oey is equivalent to the
k = 2-condition of . Similarly, from Figure and Figure [20| we get that the source
object of 7)., as well as that of ., corresponds to the k = 0-condition. Meanwhile the source
object of 7, is the trivial object and corresponds to the k = 0 condition. By Proposition
it follows that the existence of left adjoints of the 1-morphisms in is equivalent to them
being dualizable as left modules of their source object which we have seen to be given exactly
by that of .

For the converse implication we will use Theorem [B.24] which tells us that to prove 3-
dualizability of R it is sufficient to provide left adjoints of all 2-morphisms appearing in
the 2-dualizability data. As explained above we get left adjoints of the 2-dualizability data
transferred to ALG?I(C ) asin from the conditions in . The left adjoints of €coey and
Moy (and the corresponding unit and counit morphisms) immediately give rise to 2-morphisms
(and corresponding unit and counit 3-morphisms) of ALGgl(C) by Observation The
remaining two cases are promoted to ALGSl (C) by Conjecture thus witnessing that R

is indeed 3-dualizable in ALcE(C). O






Part 3

Enriched skeins and factorization homology

ATTRIBUTION. This part of the thesis is based on the first part of [KKMP], a joint article
with Corina Keller, Lukas Miiller and Jan Pulmann. Amongst my main contributions to that
article were Section 4.3 and 7.1. Section 4.3 contains the proof that enriched skein categories
satisfy excision, while Section 7.1 contains a computation of internal endomorphism algebras
for surfaces with boundary and how they behave with respect to fusion of surfaces. This part
contains the former, which corresponds to the proof that enriched skein categories compute
factorization homology in V-Cat, together with the necessary enriched category theoretic
setup.

ASSUMPTION. In this part of the thesis we assume the enriching category V to be a complete
and cocomplete symmetric monoidal closed category.



11. Background on factorization homology and enriched category theory

We start this section by recalling the definition of oriented factorization homology, as
well as its characterizing properties in Section [11.1] Then we introduce some notation and
recall the 2-category V-Cat in Section [I1.2] We also need to understand two models for the
enriched relative tensor products; the truncated bar construction and the enriched Tambara
relative tensor product. These are introduced in Section [I1.3] Lastly, for the convenience of
the reader we recall the definition of V-enriched ribbon categories in Section The main
example of such an enriched category from [KKMP] is highlighted in Example

11.1. Factorization homology. We first briefly recall the definition of oriented factor-
ization homology, as well as the conditions on the target category to ensure its existence.
Then we explain how oriented factorization homology is characterised by three properties of
which a certain gluing property called excision is the most interesting. We refer the reader
to e.g. [Lurl?] or [AF15] for more details.

Definition 11.1. Let Mfldy" denote the topological category (i.e. co-category) whose
e objects are oriented d-dimensional manifolds, and
e the space of morphisms Emb® (X, Y) is the space of oriented smooth embeddings of
X into Y equipped with the compact-open topology.
Let Disky" € Mfldy" denote the full co-subcategory whose objects are disjoint unions of ori-
ented disks. The disjoint union induces symmetric monoidal structures on these co-categories
which we denote by J\/Eﬂdzzr’® and Diskzr@, respectively.

We now define the algebraic input for oriented factorization homology.

Definition 11.2. Let C be a symmetric monoidal oo-category. A framed Eg-algebra A (in
C) is a symmetric monoidal functor

A: Disk]™® — €% .

Explicitly, C® is as in Definition and giving a (strict) symmetric monoidal functor
A as above corresponds to giving an algebra map which preserves cocartesian morphisms.

Definition 11.3. Let C be a symmetric monoidal co-category which is ®-sifted cocomplete.
Factorization homology f<_) A with coefficients in the framed Eg-algebra A is defined as the

left Kan extension of A along the inclusion ¢: Diskzr’® — Mﬂdgr@. Explicitly,

Disksr’@) A e
1

-

L /’/

\[ e f(f)A
or,®

MildS

Remark 11.4. In this part of this thesis we only work with oriented manifolds, or even
more concretely with oriented surfaces. Hence, we have given the definitions above tailored
to this setting. By replacing “oriented manifolds” with “framed manifolds”, and “framed Eg4-
algebra” by just “Eg4-algebra” above one instead gets the definition of (framed) factorization
homology.

Remark 11.5. The left Kan extension has a pointwise formula which is a sifted colimit. Thus,
assuming C® to be sifted cocomplete ensures existence of oriented factorization homology.



11. BACKGROUND ON FACTORIZATION HOMOLOGY AND ENRICHED CATEGORY THEORY 119

For this to be a symmetric monoidal functor one additionally asks for the tensor product to
commute with these sifted colimits. See [AF15] Proposition 3.7] for more details.

Remark 11.6 (Factorization homology is pointed). Since we work with (oriented) embed-
dings when defining (oriented) factorization homology the value of factorization homology on
any oriented manifold M is naturally pointed by the inclusion () < M of the empty manifold.
Explicitly, the inclusion () < M induces a map

/«4§1c—>/¢4.
0 M

Remark 11.7 (Pointless factorization homology). In light of Part [1] of this thesis one might
ask if there is a corresponding pointless version of factorization homology. The definition
should be straightforward by replacing the co-categories of d-dimensional manifold and disks
by marked versions, where the embeddings are required to induce bijections on the marked
points as in Section [6.I and in particular Notation [6.16] Moreover, C should be ®-presentable
instead of just ®-sifted cocomplete. The name reflects how the pointing induced by the
inclusion of the empty set would no longer be present.

This type of definition is already introduced by Ben-Zvi, Brochier and Jordan in the
setting of surfaces, see Section 2.2 and in particular Definition 2.5 in [BZBJ18b]. They
moreover state (and use) that excision holds in this setting without proof. We expect results
like excision and the fact that factorization homology gives rise to factorization algebras, c.f.
[KSW24, §6.4], to carry over to the pointless analogue. However, making this precise is
beyond the scope of this thesis.

We now turn to the characterizing properties of factorization homology. Just like how
ordinary homology theories are characterized by satisfying the Eilenberg—Steenrod axioms,
there is an analogous list of properties characterizing (oriented) factorization homology. To
formulate the gluing property, which goes under the name of excision, we first need the
following definition.

Definition 11.8. A collar-gluing of an oriented manifold M is a decomposition M = M_ | Mo M+
Here, M_ and M, are open subsets of M while My = M_ N M, comes with a direct product

structure, i.e. a diffeomorphism 6: Mj = N x (—1,1) of oriented manifolds.

We refer the reader to [AF15), Definition 3.13 & Remark 3.14] for more details.
Example 11.9. Figure [26|illustrates an example of a collar-gluing of M = X5 g, i.e. the genus
2 surface. Explicitly, we have M_ = ¥ 1 2 M, while My = St x (-1,1).

N

——
My

FIGURE 26. Example of a collar-gluing of the genus 2 surface.
Factorization homology for the product manifold N x (—1,1) has a natural framed E;-

algebra structure induced by embeddings of open intervals. This in turn gives rise to a framed
Eq-algebra structure on My under the diffeomorphism 6: My = N x (—1,1).
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Construction 11.10. Fix two oriented embeddings
H—- [_171)|—|(_171)c_> [_171) and K- (_171)|—|(_171] ;)(_171]

such that p_(—1) = —1 and py4(1) = 1. Under the diffeomorphism 6 these maps give
embeddings

act_: M_ UMy — M_ and acty: MoUMy — M, .
The maps act_ and act; induce right, respectively left [ Mo A-module structures on | A
respectively [ M, A.

The right module structure induced by act_ for the collar-gluing from Example is
illustrated in Figure

We can now properly state the gluing-result for factorization homology.

Lemma 11.11. [AF15, Lemma 3.18] Let M = M_J,, M be a collar-gluing of oriented d-
manifolds and let A be a framed Eg-algebra in C, an ®-sifted cocomplete symmetric monoidal
oco-category. Then there is an equivalence of co-categories

/A’: A ® A
M Mo fuy A M

where the right hand side relative tensor product is computed by the colimit of the 2-sided bar
construction

LS MOONBNOM M@ N My = Mo® M,
for M_ = [, A My = fM+A and N = [y, A.

-

FIGURE 27. The map which induces the right | Mo A-module structure on
I} 1 A. The green collar depicts the product manifold N x (—1,1).

Excision is a very powerful computational tool, as it allows one to compute factorization
homology of complicated manifolds from simpler pieces. We now give the full list of charac-
terizing properties of oriented factorization homology, of which excision is typically the most
involved to prove.

THEOREM 11.12. [AF15, (AFT17a] Let A be a framed Es-algebra in C. The functor
| A is characterized by the following properties:

(1) If U is contractible then there is an equivalence in C

/.A:.A.
U

(2) If My = N x (—1,1) for some 1-manifold N, then the inclusion of intervals inside a
larger interval induces a canonical framed E1-structure on fMo A.

(3) | A satisfies excision.
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11.2. The target: V-Cat. Recall that we assume the enriching category V to be a com-
plete and cocomplete symmetric monoidal closed category. We first introduce some notation
before defining the 2-category V-Cat of enriched categories, as well as explaining its natural
monoidal product, following [KKMP! §3]. Then we recall a result from [KKMP] regard-
ing when V-Cat admits all bicolimits, ensuring that it is a suitable target for factorization
homology.

Notation 11.13. Let C be a V-enriched category. Its underlying category, denoted Cy, is the
ordinary category with the same objects as C, and with morphisms Cy(c, ') :== V(1y,C(c, ).

If we have a morphism f € Cy(c, ¢), precomposition with f is the morphism in V

e(e, ") =L (e )
given by the composition

~ H v oC
o) S e(d, )@V 1y 221 e, ) @Y Cle, ) 5 Cle, )

where in the last step we use the composition of C. Postcomposition by f,i.e. fo—, is defined
similarly.
Moreover, if C is monoidal (see Section for the definition), we analogously define

_C
Cle, ) —%J, Cle@C c,e’ @° )

and
o &L
o &€ d, " @ ") ZYD, el d, ¢ «f d")
where g € Co(d,d').

Definition 11.14. Let (V, ®") be a symmetric monoidal category. We define V-Cat to be the
following 2-category; objects are V-enriched categories C,D. The 1-morphisms are V-enriched
functors F': C — D, i.e. a function Ob(C) — Ob(D) together with morphisms

Fe: Cle,d) — D(F(c), F(c))

in V. The 2-morphisms are V-natural transformations o: F' = G between F,G: C — D, with
components a.: 1y — D(F(c), G(c)), for all ¢ € C, making the following diagram commute

Cle, ) —= s D(F(e), F(C))

ch,c’ J/ac’ o-

D(G(c), G(¢')) === D(F(e), G(c)

We denote the set of V-natural transformations from F' to G by V-Nat(F,G). For C,D €
V-Cat we denote the category of V-functors and V-natural transformations between them by
V-Fun(C, D).

We have that a V-functor F': C — D is an equivalence if and only if it is essentially
surjective and fully faithful. In the enriched context, a functor is called fully-faithful if each
morphism F, » is an isomorphism in V [Kel82] §1]. We now turn towards the tensor product
on V-Cat which uses that V is closed and complete.
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Definition 11.15. Let C and D be two V-categories. Define C x D to be the V-category
whose objects are pairs (¢,d) € Ob(C) x Ob(D) and its morphisms are defined by

C x D((c,d), (¢, d)) =Cle,d) ¥ D(d,d) eV .

The 2-category V-Cat is closed under the above tensor product [Kel82, Section 2.3]. That
is, there is an equivalence of categories

Homy_c,t(C x D, ) = Homy.cat(C, [D, £]) (11.1)

which is 2-natural in the V-categories C,D,E. Here, [D, ] is the V-category whose objects
are V-functors F': D — £ and morphisms are defined by the objects

V-Nat(F,G) = E(F(d),G(d)) €V,
deD
where the right hand side is a V-enriched end.

From Equation we see that the internal hom is right adjoint to the natural tensor
product of V-Cat. Thus, the tensor product from Definition preserves colimits in V-Cat.
It only remains to prove that V-Cat admits enough colimits to ensure existence of factorization
homology. We refer the reader to [KKMP, Appendix A.3] for more details and a proof of
the following proposition.

Proposition 11.16. [KKMP| Proposition A.4] Let V be a cocomplete and symmetric monoidal
closed category. Then the 2-category V-Cat admits all bicolimits.

Thus, we get that V-Cat is a suitable target for factorization homology given Part
We also briefly give an example of an enriching category which is of particular interest in
[KKMP] in the context of deformation quantization. See also Remark for a situation
using this enriching category.

Example 11.17. Let M be a left C[[A]]-module, where C][[h]] denotes the formal power
series ring. Consider the submodules (A" M ),en and denote M, = M, := M/h"M. Then
(M, pr)nen is an inverse system of C[[A]]-modules, where p,, denotes the canonical projections
Pn: My — M,_1. The h-adic completion of M, denoted ]\//_7, is then defined as the inverse
limit

M= lim M, = {(x,) € HM" | pn(zn) = Tp-1} .

If the canonical map M — M is an isomorphism we say that M is a complete C[[A]]-module.

We denote the category of complete C][[A]]-modules by C[[A]]-Mod. Its symmetric monoidal

—

structure comes from the completed tensor product. Moreover, V = C][h]]-Mod is also
complete and cocomplete symmetric monoidal closed, c.f. [KKMP] §3.5] and the references
therein. Thus, it provides an example of an enriching category such that factorization homol-
ogy in V-Cat exists.

11.3. Enriched relative tensor products. Factorization homology satisfy excision, as
recalled in Lemma [I1.11] This is formulated using the two-sided bar construction as a model
for the relative tensor product. However, it turns out to be convenient to have access to more
models. We briefly introduce the three (equivalent) models present in [KKMP| §3.4], before
giving details on the two models relevant for the proof of Theorem [I3.2]

Let M and N be right, respectively left V-enriched module categories for some monoidal
V-enriched category A. We have three models for the enriched relative tensor product:
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e Enriched Tambara relative tensor product: M x 4 N.
This is an enriched version of the relative tensor product from [TamO1], which is
a categorical analogue of the relative tensor product of modules. This is used in
[Co023| when proving excision of skein categories in the k-linear setting.

e Truncated two-sided bar construction: M ®4 N
The two-sided bar construction is used when formulating excision for factorization
homology. Since V-Cat is a 2-category we only need to understand the truncated
version here.

e Coend tensor product: M ®Jf4 N.
This is, to the best of our knowledge, a new model for the relative tensor product in
V-Cat defined using enriched coends.

Remark 11.18. We do not need the coend tensor product from [KKMP) §3.4.3] in this
thesis, but want to highlight it here since this new model turns out to be very agreeable
for computations. In particular, it is used to compute the internal endomorphism algebras
associated to the pointing of enriched skein categories. We refer the interested reader to
Section 6.3 and 7.1 of [KKKMP] for a precise definition of the internal endomorphism algebra
and some concrete computations showcasing how convenient this model is.

11.3.1. The enriched Tambara tensor product. We briefly give the construction of the
enriched Tambara tensor product in terms of generators and relations following [KKMP)
§3.4.1]. This construction uses the notion of V-graphs, and we refer the reader unfamiliar
with this notion to Appendix for more details and references. Throughout this section A
is a monoidal V-category and M and N are right, respectively left A-module V-categories.

Definition 11.19. Define the V-graph Q as follows: objects are given by Ob(I') = Ob(M x
N), while the V-object of edges is

Q((m, n), (m’,n')) = Mx./\/((m,n), (m/, n’)> H ( H 1V> H ( H 1y> )

a€A | m=m/'<a, {a€A | m<a=m/,
apn=n'} n=apn’}

Notation 11.20. We introduce the following notation

gty — [T v — Q(m,n), (w0
{a€A | m=m/'<a,
apn=n'}
and ,
() v — T v — Q(m,n), (m',2)

{a€A | m<a=m/,
n=abn’}

for the canonical maps into the V-object of edges for each a € A.

Recall from Proposition (and the surrounding discussion) the definition of the V-
category Free(2) related to a V-graph 2. Moreover, in Construction it is briefly explained
how to impose relations between morphisms in the enriched setting.

Definition 11.21. [KKMP| Definition 3.16] Let A be a monoidal V-category, let M be a
right A-module V-category and N and left A-module V-category. The V-enriched Tambara
relative tensor product is defined as

M XA N = Free(Q)/ ~
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where we impose the following relations between morphisms in Free(£2):
(1) the ¢’s are isomorphisms:

-1 : -1 .
(Lmﬁ;Z) ° L%ﬁ;z ~ 1d(m<1a,n)7 Lmﬁiz 0 (LmélaIiZ) ~ 1d(m,al>n) )
(2) naturality of ¢, and
(3) compatibility of ¢ and unitors.

These relations are explicitly spelled out in Appendix

The enriched Tambara tensor product has the following universal property: Let C be a
V-category. Then there is an equivalence (of ordinary categories)

Hom(M x4 N,C) ~ Fung(M x N, C)

where the latter denotes the category of A-balanced V-functors M x N — C. The definition
of a A-balanced V-functor is a straightforward generalization of the unenriched notion, see
e.g. [KKMP)| Definition A.6] for the precise definition.

11.3.2. The truncated bar construction. Here we explain what the 2-sided bar con-
struction amounts to in V-Cat. Additionally, we explain in what sense it is equivalent to the
Tambara relative tensor product from the previous section.

Recall that a strict 2-functor D — V-Cat is called a diagram of shape D in V-Cat, for D
some 2-category. We now introduce the shape of the diagram relevant for the truncated bar
construction Let D be the 2-category whose objects and 1-morphisms are as below

Go
R I
A—» B r C,
Go —

and with 2-morphisms
Ki: F1oGy= Fyo Gy, ko: FyoGy= FyoG1, k3: F1oGy= Fio0G;

The relative tensor product used when proving excision for factorization homology with
values in V-Cat is the colimit of the truncated bar construction. That is, the following colimit
of a specific diagram of shape D as above.

Definition 11.22. Let A be a monoidal V-category and M, N right, respectively left A-
module categories. The truncated bar construction is the diagram

IXidgx N

axidas
i x®xid —
MXAXAXN 22 M AN ddpyxe . M XN
id x> SN

in V-Cat together with the V-natural isomorphisms
id: (idap X ) o (4 x idaxn) = (< x idyr) o (idaxa X >)
Bam: (@xidpr) o (0 x idaxpn) = (< x idpy) o (idayg X ® x idpr)
Ba: (idag X >) o (idagxa X l>) = (idp x ) o (idag x ® x idy)

where Sx¢ and Spr are the associators for the right and left A-action.
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When we later prove that the enriched skein category Ske(—) computes factorization
homology we need that the bicolimit of the truncated bar construction agrees with the enriched
Tambara relative tensor product. This has been proven in [Co023, Theorem 2.27] for k-linear
categories and is extended to the V-enriched setting in [KKMP]. Explicitly, we have

THEOREM 11.23. [KKMP| Theorem 3.19] The V-enriched Tambara relative tensor prod-
uct M X A N from Definition[11.21] is equivalent to the bicolimit

M@AN:colim(MxAxAxN§MxAxNjMxN)

of the truncated bar construction from Definition [11.22,
For a proof of this theorem we refer the reader to [KKMP| Appendix A.4.1].

11.4. Enriched ribbon categories. In this section we briefly recall the notion of V-
enriched ribbon categories following [KKMP), §4.1]. Recall that these are examples of framed
Es-algebras in V-Cat.

A monoidal V-category A is a pseudomonoid in the symmetric monoidal 2-category V-Cat
[DS97, §4]. Explicitly, it is a V-category A together with an monoidal unit 14 € A, a V-
functor ®4: Ax A — A giving a monoidal product, as well as unitors p, A and an associator o
which are all V-enriched natural isomorphisms satisfying the usual axioms. A braiding on A is
a suitable V-natural transformation 8: @4 — (®4)°P. Recall that if A is (braided /symmetric)
monoidal, so is Ay [Cru09, Theorem 5.7.1].

Definition 11.24. A monoidal V-category A is called left-rigid if for each object a € A there
exists a left dual object aV € A together with morphisms

evy € Agla” @4 a, 1a) and coevy € Ao(ly,a @A a”)

satisfying the snake identities. That is, such that the following two diagrams in } commute

Ala¥,a%) X A @A 11 @A aY) A(a, a) ’ﬂiat(u 24 a,0 @4 1,)
(eve ®Aid)o— (id®"evy)o—
AlaY @4 14, (a¥ @4 a) @4 aV) A(lg @4 a,a @4 (a¥ @4 a))
id A g gV O id Totg v a0
A(a” @41 4,a" @4 (a @4 aV)) A(lg @4 a, (a @4 a¥) @4 a)
(id®“coevy)o— 1 (coeve®@Aid)o—
ly —— A(a¥ @1 14,0 @11 ) ly — 37— A(la®*a, 1484 a)

A right-rigid structure on A is defined analogously. If a category is both left- and right-rigid
we say that it is rigid.

The enriched snake identities above can be seen as the usual equality of the identity and
the snake diagrams by using the enriched Reshetikin-Turaev functor. See Proposition [12.11
for details.

Remark 11.25. The category A is (left-)rigid if and only if Ay is so; this is because the snake
identities can be formulated in terms of the composition in Ag. If A is braided and left-rigid
one can further use the braiding to construct right duals from the left duals. It follows that
if A is braided and left-rigid it is even rigid [JS93), Proposition 7.2].
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Definition 11.26. Let a¥,b" be left duals of a,b € A. The transpose is the morphism
A(a,b) — A(bY,a") defined as

Aa,p) 427N, A(bv @ (a2t a’), b @4 (be?a) )

A v o(evp®@Aid)oa o—o(id@“‘\coeva)opb_v1

—1
bV ,b,aV)

A, aY) .
Definition 11.27. A rigid braided monoidal V-category A is called ribbon if it comes
equipped with a twist; i.e. a V-natural automorphism 6 of the identity functor id4 satis-
fying

9a®Ab = /Bb,a o Ba,b © (ea ®A eb)
in Ag, and for which the following diagram in V

1y LN Ala,a)

ltranspose
O,v

A(aY,a")
commutes.

Example 11.28. Recall from Example [11.17] that one interesting enriching category is V =

C[[h]]- Mod, i.e. the category of complete C[[A]]-modules (where & is a formal variable). An
example of a ribbon V-category in this setting is given by the Drinfeld category, denoted
U(g)- Mod®[[7z]]. Objects are given by topologically free U(g)[[/i]]-modules of finite rank with
associator induced by a Drinfeld associator ®. We refer the reader interested in the full ribbon
structure to [KKMP| §3.5.1] and the references therein. Moreover, the Drinfeld category is
equivalent to the representation category of the quantum group Upg, denoted Uy (g)- Mod, as
ribbon V-categories. See e.g. [KKMP) Theorem 3.21] and the surrounding references.
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12. Basic features of enriched skein categories

We start by giving the definition of enriched skein categories in Section This is a
generalization of the usual definition (e.g. as in [C0023]) in the following ways; the underlying
ribbon category A is V-enriched and it is not necessarily strict. Then we explain how some
standard results for skein categories carry over to this setting. In Section [12.2] we get a
monoidal structure on Sk4(C x [0, 1]), for C' some 1-manifold, and in Section we explain
how certain embeddings gives rise to module structures on enriched skein categories. The
content of this section corresponds to that of [KKMP) §4.2].

12.1. The definition. Skein categories are categorical analogues of skein algebras. This
was first defined in [Wal, [JE19] by Walker and Johnson-Freyd, respectively. The latter
definition is also the one used in [C0023]. In this section we define a generalization of this,
called enriched skein categories, which allow for more general enriching categories V than
VECT.

Recall from e.g [C0023| Definition 1.1] that a ribbon graph is a finite collection of ori-
entedﬂ ribbons and coupons. Ribbon ends are allowed to be attached to coupons or they

can be joined to e.g. form annuli. See Figure |28 for an example. We write m?r(r) to mean m,
or m,’ for ribbons oriented up or down. Building upon this notion we define ribbon g-graphs
(after [LIM95]) which are additionally equipped with parenthesizations of coupons.

Definition 12.1. [KKMP)| Definition 4.5] A ribbon gq-graph is a ribbon graph together with
a choice, for each coupon, of a parenthesization of the ribbon endpoints on the top and bottom
of the coupon.

Assumption 12.2. From now on we assume .4 to always mean a V-enriched ribbon category,
where V is as in Part 3

The next step when defining ordinary skein categories is to “color” the ribbons by objects
and the coupons by morphisms of the underlying ribbon category, c.f. [C0023| Definition
1.2]. For the enriched analogue we cannot treat morphisms in a linear matter as in the
VECTg-enriched setting, but rather need to define an object of V of all possible morphisms.
Hence, to color a ribbon g-graph simply corresponds to the following definition, exemplified
in Figure

Definition 12.3. An A-colored ribbon q-graph is a ribbon g-graph equipped with a choice of
an object m, € A to each ribbon r.

To define the “object of all possible morphisms” of a graph we first need some more setup.
Let T be a A-colored ribbon g-graph. If e is the bottom or the top edge of a coupon, let

Ce = ®T€em$r(r) eA (12.1)

be the tensor product of the objects corresponding to the decorations of the incident ribbons,
parenthesized using the parenthesization of the coupon edge.

2TThat is, each ribbon has two possible orientations. In [C0023] one remembers the orientation of the
interval [0, 1] as well as the additional choice +; our orientation here should be thought of the product of these
two, i.e. corresponding to the arrow in [Co023| Figure 1].
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FIGURE 28. An example of a A-colored ribbon g-graph T.

Definition 12.4. Let I' be a A-colored ribbon g-graph. We define the V-object of morphisms
A((T")) as the unordered@ tensor product

AM) = &  Alcin Cout) »

c€Coupon(T")

where ¢i, and coyt are the objects corresponding to e in ([12.1]) being the incoming and outgoing
edge of the coupon, respectively.

Example 12.5. Let I' be the A-colored ribbon g-graph of Figure The corresponding
object of morphisms is

A((T)) = A((Tm ®@ms) ® mg, (M3 @ (Mg @my)) ® m5> o A(m}/,m}/) )

The order of the two coupons is chosen as in the figure when writing down the unordered
tensor product.

Analogous to [Co023| Definition 1.3], a A-colored ribbon q-graph on a surface ¥ is an
embedding of a A-colored ribbon g-graph in ¥ x [0, 1] such that the free ends of the ribbons
are sent to X x {0, 1}, and the rest of the ribbon graph lies in ¥ x (0,1). We often abbreviate
this by ribbon graph when it is clear from the context what we mean. We now assemble this
kind of information into a V-category.

Definition 12.6. Let Ribbony4(X) denote the following V-category; objects are given by
finite collections m = {m; }ier,, of pairwise disjoint points x; on ¥ with framing, orientation
g; and a decoration of objects m; of A. We often abbreviate this by simply saying a finite
collection of decorated points on ¥ and write m = {m; }icr,, -

Let m,n be two such objects. The corresponding Hom-object is defined as the following
coproduct in V

Ribbon(Z)(m,n) = [ A(I),
[]: m—n

28§ e. for each ordering of the n coupons, a tensor product of the objects in the corresponding order modulo

equivalence obtained by permuting the tensor factors and the ordering. This quotient is the coequalizer of the
diagram with n! objects, each being a tensor product in one order, and morphisms given by permutations. See
[IMSSO02|, Definition II1.1.58] for more details.



12. BASIC FEATURES OF ENRICHED SKEIN CATEGORIES 129

where T" runs over all isomorphism classes of .A-colored ribbon g-graphs compatible with the
coloring, framing and orientation of m and n on ¥ x {0} and ¥ x {1}, respectively.

Composition is defined by stacking of graphs using that A((T' o TV)) =2 A((T")) @ A((T"))
and that the monoidal product of V distributes over coproducts.

Example 12.7. Let V = (SET, x). Then an element of the set Ribbon4(X)(m,n) is an iso-
topy class of A-colored ribbon graphs with coupons decorated by morphisms in A compatible
with the decoration of the in- and outcoming ribbouns.

Example 12.8. If we instead set V = (R-Mod, ®r) we have that an element of the R-module
Ribbon4(X)(m,n) is a formal R-linear combination of isotopy classes of .A-colored ribbon
graphs. Further, the coupons are again decorated by suitable morphisms in A.

Remark 12.9. In the setting of Example a ribbon graph with a coupon decorated by
f+ g is equal to the sum of ribbon graphs with coupons decorated by f and g. This property
is not present in [Co023| Definition 1.5]. The category defined there rather corresponds
to Fi(Ribbong, 4(X)) , where U: VECTy = SET: F is the usual free-forgetful adjunction.
However, after passing to the corresponding skein categories this distinction vanishes.

Definition 12.10. Let ¥ = [0,1]2. Let qRibbon 4([0,1]?) denote the V-category whose
objects are parenthesized words my, with letters mgt, where m; € A. Given two objects myy
and nyy+ the corresponding Hom-object is defined as

qRibbon 4([0, 1]%)(mw, ny~) :== Ribbon4([0, 1]?) (mw x {0}, ny x {0})

where myy x {0} is the square with the objects mf uniformly distributed on the interval
[0,1] x {0} C [0,1]? and with framing in the direction of [0, 1] x {0}.

Put differently, gRibbon 4([0, 1)) consists of ribbon graphs in the cube which ends at the
bottom front and top front edges of the cube, together with parenthesizations. This category
has a straightforward ribbon structure and affords an enriched generalization of the ordinary
Reshetikin-Turaev functor from [RT90] and [Turl6], which we now explain.

Proposition 12.11. [KKMP] Proposition 4.9] The category qRibbon 4([0,1]?) is a V-
enriched ribbon category. There is a ribbon V-functor

T: qRibbon 4([0, 1]?) — A

such that T(m,+) = m, T(m,—) = m", T is strict monoidal and on morphisms it satisfies
the enriched analogue of the conditions of [Turl6l Theorem 2.5]. We call T the enriched
Reshetikin-Turaev functor.

Having established an analogue of the Reshetikin-Turaev functor we can now define the
enriched version of the skein category. Normally the skein relations are invoked by a suitable
quotient. In the enriched setting this is replaced by a suitable coequalizer. Let m and n
be two objects of Ribbon4(X). Consider the set of all triples (I',cb,p), where I': m — n
is a colored ribbon g-graph on ¥, cb: [0,1]* < ¥ x [0,1] is an embedded cube such that I'
intersects the cube transversally and only at the bottom and top edges. Moreover, let p be
the parenthesization of these intersection points on the bottom and on the top edges of the
cube. From this we will form a diagram in V with two sets of objects:

e {sp = A((I"))} for all A-colored ribbon g-graphs I': m — n on X, and
o {71 chp) = A((T))} for all triples as above.
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The arrows in this diagram are as follows: for each triple (I, cb, p) there are arrows |,

id Trach
T — Sp and e ——— Spv
where I" is the (A-colored) ribbon g-graph obtained by replacing the cube in I by the single
parenthesized coupon given by the cube. The second arrow is given by the component of the
Reshetikin-Turaev functor Trnep on the interior of the cube tensored with the identity on the
exterior of the cube.
In total this gives the below diagram in V

{ide((ry) }r,eb,p)
{T(Rcb,p) = A((F))}(F’vap) {SF/ = A((FI))}F’ : (122)

{Trneb }r,cb,p)

We will use this to define the enriched skein category.

Definition 12.12 (Enriched skein category). Let ¥ be a surface and A be a ribbon V-
category. Define the enriched skein category Sk 4(X) to be the following V-category: Objects

are the same as those of Ribbony4(X). Let m,n be two such objects. The corresponding
V-object of morphisms Sk 4(X)(m,n) is defined to be the colimit over the diagram (12.2)).

Remark 12.13. The careful reader might be puzzled that we do not consider isotopy classes
of ribbon graphs I' above. However, isotopy invariance follows automatically because the
(enriched) Reshetikin-Turaev functor is isotopy invariant, and the fact that each isotopy in
Y x [0,1] can be seen as a composition of isotopies inside boxes [EK71l, Corollary 1.3].

Example 12.14. For V = SET or ¥V = R-Mod we get back the usual definition of the skein
category modulo also having parenthesizations. In some more words, setting the Hom-object
to be the colimit over the diagram in those cases reduces to the usual quotient by the
skein relations as in e.g. [C0023), Definition 1.9]. Also observe that with the skein relations
we can change the parenthesizations arbitrarily. For example, we have that

-1
f = f © Qi ma,ms

(o o) ° ° (o o)

It follows that if A is strict the forgetful functor from the parenthesized skein category to the
ordinary (i.e. non-parenthesized) skein category is an isomorphism of categories.

Example 12.15. Let A be a ribbon V-category. We give an informal description of the
enriched skein category Sk 4(S?). Consider the functor

A = Sk 4(D?) — Sk4(S?)

induced by an embedding of D? into S? which avoids the north pole of S2. This functor is
clearly essentially surjective and full, thus Sk 4(S?) is a quotient of Sk 4(D?). The additional
local relations are induced by moving a ribbon through the north pole and generated by

e exchanging an overcrossing for an undercrossing, and
e moving an evaluation or coevaluation through the north pole.
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We encourage the reader to draw out these relations; note that they are very much local
relations and not global ones. Only imposing the first relation gives a V-category which
deserves the name Muger cocenter. It is unclear if there is a good name for the V-category
obtained by imposing both relations, as well as exactly how this relates to e.g. [GJS23,
Proposition 4.4]. There is it proven that the free cocompletion of the unenriched skein category
is equivalent to the Miiger center of the free cocompletion of the ribbon category used.

—

Remark 12.16 (Skein categories introduce torsion). Let V = C[[h]]- Mod, which is indeed a
good choice of enriching category as explained in Example For the ribbon V-category
we set A = U(g)-Mod®[[h]], i.e. the Drinfeld category from Example The relation
Bxy = Bxly implies
0=Bxy — By = htxy + O(h?) .

Hence, the element txy + O(h) is torsion in Sk4(S?). It is also non-zero because its image
under the canonical map to Sk4(S?) is ¢ X,v, which is non-zero. This illustrates that even for
a topologically free category A the corresponding (enriched) skein category is in general not
topologically free.

If we replace S? by a surface ¥ with non-trivial boundary it follows from [KKMP|
Proposition 7.11] that the corresponding enriched skein category is actually topologically
free.

12.2. Monoidal structure on enriched skein categories. We now explain how, for
C some 1-manifold, the V-category Sk 4(C x [0, 1]) is a monoidal V-category. This will be a
direct consequence of how the construction of the enriched skein category is functorial with
respect to embeddings.

Explicitly, analogous to when working with the ordinary skein category (c.f. [Co023|
Remark 1.6]) we have the following observation.

Observation 12.17. An embedding of surfaces p: ¥ — II induces a V-functor
P: Sk4(3) — Sk4(II)
of enriched skein categories.

We explain this in some more detail. On objects m the functor sends it the points p(z;)
in IT decorated by the same object m; of A and with framing and orientation induced by the
embedding p. This indeed defines an object in the target, i.e. P(m) € Sk 4(II). We now want
to explain what the functor P does on morphisms. Let m,n be two objects of Sk4(X). The
V-morphism

P: Sk (X)(m,n) — Ska(Il)(P(m), P(n))
is defined using the universal property of the colimit over the diagram . Explicitly, it is
induced by the collections of inclusions of A((I")) = A((p(I"))) into Sk 4(II)(P(m), P(n)).

We now explain how this induces a monoidal structure in the special case where we work

with the enriched skein category of C x [0, 1].

Example 12.18. Let C denote some 1-manifold. Consider the two embeddings L, R: C' x
[0,1] = C x [0,1] given by L(c,s) = (¢, §) and R(c,s) = (c, 5 + 5), respectively. In words, L
embeds C x [0, 1] into the left half of C' x [0, 1], while R embeds it into the right half. For later
convenience, let [ and r denote the corresponding isotopies between the identity embeddings

of C x [0,1] into itself and L respectively R. Then we have an embedding
I:Cx[0,1UC % [0,1] 222 ¢ % [0,1]
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which, by Observation [12.17, induces a monoidal product on Sk 4(C x [0, 1]). We denote the
monoidal product of two objects a,b by a * b. The monoidal unit is given by the empty set.

12.3. Module structure on enriched skein categories. Let C' be a 1-manifold and
let M be a surface with boundary OM = C. By using the data of an appropriate embedding
of C into M we can equip Sk 4(M) with the structure of a Sk 4(C x [0, 1])-module.

We first define what an appropriate embedding is, following [C0023|, Definition 1.17].

Definition 12.19. A thickened right embedding of C into the boundary of M consists of
(1) An embedding =: C' x (—¢,1] < M, where ¢ > 0, such that its restriction to C' x {1}
gives an embedding £: C' — 0M. We further set ® = E\[O,l] and p =

(2) An embedding E: M — M such that im(F) is disjoint from im(®).
(3) An isotopy A\: M x [0,1] — M from idys to E which is trivial outside of im(E).

“lox{oy

The definition of a thickened left embedding is analogous. The only change is that = is
replaced by an embedding =: C' x [0,1 + &) — M, for € > 0, such that restricted to C' x {0}
it is an embedding ¢: C' — OM.

Example 12.20. In Figure 29 we see an illustration of the data of a thickened right embed-
ding of C' = S! into the boundary of the once-punctured torus M = ¥ ;. Condition [2| and
from Definition [12.19] implies the existence of a § > 0 such that —e < — < 0 as illustrated
below.

Im(E)

FIGURE 29. A depiction of a thickened right embedding of S! into the once-
punctured torus X 1.

Construction 12.21. Let f,g: M — M be two embeddings and let o: M x [0,1] — M be
an isotopy from f to g. Let m € Sk 4(M) be any object. Then the isotopy o induces a map

Tom: 1y — Sk.A(M)(f(m)ag(m)) :
We explain in some more words how this map is obtained. Let I', be the ribbon from f(m)
to g(m) that is traced out by the isotopy o. Recall from Definition [12.12| that the morphism
object SkA(M)(f(m),g(m)) is defined as a certain coequaliser, i.e. the colimit over ((12.2)).
Using this, 74, is induced by sending 1y — A((I'5)) = 1y.
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Notation 12.22. We will talk about both the ribbon I'; and the map 7, ,, from Construc-
tion [12.21] as the ribbon corresponding to the isotopy o.

We now give two examples of Construction [12.21] which will be useful later on.

Example 12.23. Let (Z, E, \) be a thickened right embedding and let m € Sk 4(M) be an
arbitrary object. Then the isotopy A will give a map 7y ,,: 1y — Ska(M)(m, E(m)). This
is illustrated in Figure for C = S, M = %11 and m = {my, ma,m3,my}. In words,
the isotopy A traces out the identity ribbons for the (blue) objects my and ms, while it gives
ribbons that continuously moves the (red) objects mg and my4 into im(E) Nim(E).

Example 12.24. Recall the monoidal structure on Sk 4(C x [0, 1]) from Example as
well as the two isotopies [ and r which retracts C x [0, 1] into the left and right half of C' x [0, 1],
respectively. The ribbon tracing out the action of the isotopy [ on an object a = {aj,as}
is depicted in Figure for C = S'. We can think of this as the action of multiplying a
with the empty set () (from the right). A ribbon tracing out the isotopy r is analogous, only
retracting to the right instead.

e

(A) The ribbon 7y, for m = {mq,mg, ms, ma} (B) The ribbon r; , coming from the left
coming from the isotopy A. retraction for a = {a1,as}.

F1GURE 30. Two examples of ribbons arising from an isotopy.

We now explain how the module structure on Sk 4(M) is constructed following the usual
construction from e.g. [Co023) Definition 1.19].

Construction 12.25. Let (=, E, \) be a thickened right embedding of C' into the boundary
of M. Then Sk (M) is a right Sk 4(C x [0, 1])-module with action

<: Sk (M) x SkA(C x [0,1]) — Ska(M)
induced from the embedding of surfaces

MU (C x[0,1]) 222 .
The corresponding associator is a V-natural transformation; i.e. we need to specify maps

Bamp: Ly — SkA(M)<(m<la) <ab,m < (a*b))
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for all a,b € Sk 4(A) and m € Sk4(M). These maps are induced by sending 1y — A((I'g)) =
1y, where I'g is the ribbon in Figure @ Similarly, the unitor

Nm: 1y — SkA(M)<m<®,m)

is defined through the map 1y — A((T'y)), where I, is the inverse of the ribbon from Exam-
ple |12.23| as illustrated in Figure

FIGURE 31. The ribbon I'g corresponding to the associator 3, qp for m =
(2,9).

Given a thickened left embedding of C into the boundary of a surface N, there is a
straightforward modification of Construction |[12.25(which gives Sk 4(N) a left Sk 4(C x [0, 1])-
module structure.
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13. Enriched skeins compute factorization homology

In this section we prove that enriched skein categories satisfy excision, following [KKMDP,
§4.3]. As a consequence we get Theorem which says that enriched skein categories
compute factorization homology in V-Cat.

THEOREM 13.1. [KKMP| Theorem 4.14] Let A be a V-enriched ribbon category, where
V is a cocomplete and symmetric monoidal closed category. Then the enriched skein category
computes factorization homology. Explicitly,

Sk4(X) = /E.A € V-Cat .

PRrROOF. By Theorem|11.12[this is a direct consequence of Sk 4(D) = A, Observation(12.17
and Theorem [13.2 0

The remainder of this section is dedicated to the proof of excision from [KKMP]|, which
generalizes the proof in [Co023|. That is, we want to prove the following theorem.

THEOREM 13.2 (Excision of enriched skein categories). [KKMPl Theorem 4.22] Let
C be a 1-manifold with a thickened right embedding (Ens, Em, Apr) into the boundary of the
surface M and a thickened left embedding (En, En, An) into the boundary of the surface N.
Set A :=C x [0,1], and let

MUAN:—MI_IN/{QM(C,Z') ~®y(c,i) VeeC, ie [0,1]} .

Then the thickened (left and right) embeddings induce a V-functor
F: SkA(M) Xgi ,(4) Ska(N) = Sk4(M LUy N)

which is an equivalence of V-categories. Here, Sk (M) Xgy ,(a) Ska(N) is the V-enriched
Tambara relative tensor product from Definition [11.21]

Notation 13.3. To easier talk about the different regions of M Li4 N as above we call
im(Zy7) Uim(Zy) x [0, 1] for the middle region.

Remark 13.4. Excision of ordinary skein categories was conjectured by Johnson-Freyd
[JF19], based on ideas of Walker [Wal]. A similar excision result for universal braid cat-
egories in SET is proven by Yetter in [Yet92]. The topological parts of this proof carries over
to the proof of excision for ordinary skein categories in [C0023, Theorem 1.22]. We also rely
on the same topological arguments here.

PROOF OF THEOREM [13.21 We first need to define the V-functor F. From the definition
of the Tambara relative tensor product we know that objects of Sk 4(M) xgyk ,(4)Ska(IV) are
given by pairs of objects (m,n), where m € Sk4(M) and n € Ska(N). Here, m is a finite
collection of disjoint, oriented and decorated (by objects of A) points in M, and similarly for
n. Using this, on objects we define the functor by

F(m,n) = Ey(m)U Ex(n) ,

which is again a finite set of disjoint, oriented and decorated points in M Ligy N, i.e. indeed
an object of Sk (M g N).
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Next, we define F' on V-objects of morphisms. Let (m,n) and (m/,n’) be two objects of
Ska(M) Xgk ,(4) Ska(N). Recall from Section [11.3.1] that the V-object of edges of the graph
Q) underlying the Tambara relative tensor product V-category is

Q((m, n), (m',n')) - (13.1)
SkA(M)xSkA(N)<(m,n),(m’,n')>H( I1 1V)]_[( I1 1V),

{a|m=m'<a, {a|maa=m/,
abn=n'} n=a>n’}
where in both the big coproducts a € Sk 4(A). From this we want to produce a V-object of
edges from Ey(m)UEN(n) to Ep(m’)UEN(n'). Let T be a ribbon from m to m’ in M, and
analogously 'y a ribbon from n to n’ in N. The map on Hom-objects is induced by sending
Tar — Ep(Tar) respectively I'y — En(I'n). In addition, the copies of 1y for a € Sk4(A)
in the first big coproduct in (13.1]), i.e. corresponding to Lz,ﬁiz, are sent to A((T,)) = 1y,

where I', is the ribbon in Figure Similarly, for the copies of 1y, appearing in the second

big coproduct of (13.1)), i.e. corresponding to <L
inverse ribbon of T,.

m,a>n’
m<a,n’

Lo (G
////

—1
) , we instead use I',-1 which is the

/?
§

&

ZN

z

o e ([ [,
< —e -6 0 1 14946 1 +e
Im(Eyy) Im(Ey)

m'<da,n

FIGURE 32. The ribbon corresponding to F <Lmi’a‘>"> : 1y — Ska(M Uy

N)(F(m'<a,n), F(m',a>n)). Here we have m = m/ <a and n’ = a > n.

F is well-defined. We first recall how the Hom-object of Sk4(M) xgk ,(a) Ska(N) is
constructed. That is, one uses Free(Q((m,n), (m’,n’)), where Q((m,n), (m/,n’)) is given in
, and then imposes essentially three relations, i.e. and (3| from Definition We
need to ensure that F' respects these relations. For example, the first condition (explicitly

spelled out in Equation (C.2))) imposes relations such that A

m'aan 1S an isomorphism with
b

m<a,n

N —1
inverse given by (Lm’am,> . Pictorially, this is exactly the fact that composing the ribbon in
’ N —1
. . m',abn . . . m,abn .
Figure |32| corresponding to F(Lm,qam) with the ribbon corresponding to F( (Lmqam/) ) is
isotopic to the identity ribbon on F'(m<a,n). The other relations can be checked by analogous
topological arguments, and we conclude that F' is indeed well-defined.

F is essentially surjective. Any point in Ey(M)UEN(N) C MUy N is in the image of F'
by construction. Consider a decorated point x which is not in Ej/(M) U Ex(N). Then there
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exists a ribbon which continuously moves x to the left into the image of EM@ This ribbon
is an isomorphism. Hence, every decorated point in M Lig N is isomorphic to any point in
the image of the functor F', making it essentially surjective.

F is fully faithful. Let (m,n) and (m/,n’) be two objects of Sk (M) xgi , () Ska(N). For
F to be fully faithful we need to prove that F,, ,,) (s n/) Provides isomorphisms in V between
the Hom-objects, i.e.

Flnn) (m? )+ Ska(M) X gy, (4)Ska(N)((m,n), (m',n')) — Ska(MUAN)(F(m,n), F(m',n)).

(13.2)
We split this into two parts; first we construct an inverse, and then we prove that the inverse
is well-defined.

Construction of inverse. Let I' denote a ribbon diagram from Eus(m) U En(n) to
Ey(m/)U En(n) in M U N. In other words, it comes with a map

A((D)) — Ska(M L N) <F(m, n), F(m', n’)) .

Here we will construct a ribbon ¥ appearing in the colimit of the Hom-object of the enriched
Tambara tensor product, i.e. with a map

A((9)) — Ska(M) i (1) Ska(N)((m, ), (')

such that I sends ¥ to I' for some I" that is isotopic to I as above. Given this, the assignment
I — ¥ induces an inverse F,_! , i.e. an inverse of the map in ((13.2]).

(m7n)7(m/7n/)
We first explain the overall idea. The ribbon I' might be non-trivial in the middle region.
m’,abn
m’<a,n
crossing the middle region. Put differently, ribbons in the image of F' has no (non-trivial)
coupons, braidings and twists in the middle region. Thus, we need to produce a ribbon I
that, up to isotopy, captures the parts of the ribbon I' which are non-trivial across the middle

region. We do this by reverse-engineering I" from r by a sequence of isotopies in six steps.

Meanwhile, ribbons in the image of F' only have strands of the form F'(¢ ) and its inverse

(1) Transverse intersections. We first apply an isotopy fixed outside of the middle region
to I to obtain I’ with strands that only intersect C' x {0} x [0,1] by a finite number
of transverse strands. Let ¢; € [0,1], ¢ € I, be these different intersection points
which we refer to as the different levels of I'. Moreover, assume that the chosen
isotopy ensures that we only have decorated points and no coupons of the ribbon
I" intersecting the hyperplane at each level ¢;. We denote these decorated points by
I';,. This is illustrated for a small part of a ribbon I' in Figure

(2) Move points of 'y, to F(M,N). Choose a isotopy in the ¢-direction, i.e. the [0, 1]-
direction of M L4y N x [0, 1], that is fixed outside of the middle region such that each
I';, only has points lying in F'(M, N). This is illustrated in Figure for the same
local picture.

(3) Choose small €; for each t;. Choose a small €; > 0 for each t; such that the ribbon
I" can be isotoped in the t-direction to to only have non-trivial ribbons in the region
C x (=6,1+0) x [0,1] in between the hyperplanes at t; and ¢; + ;. We also choose

2or similarly, we can choose to move z to the right into the image of En.
30by slight abuse of notation we call the ribbon obtained from isotoping I' for I' in all the steps below,

even though we are really considering several isotopic versions of the ribbon I'.
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F1cURE 33. A depiction of a local part of a ribbon and the action of isotopies
satisfying the conditions of the first 3 steps on the ribbon.

the g;’s such that t; +¢; < t;41 for all i € I. Moreover, the isotopy should also ensure
that the intersection of I' at each hyperplane ¢; and t; + ¢; only contains decorated
points and no coupons. This is depicted in Figure for the running local example.

(4) Moving points of I'y; and 'y, 4c, to F(M <A, A>N). We now apply an isotopy fixed
in C' x (0,1) x [0, 1] which makes the decorated points of I';, and I';, 4., be contained
in F(M < A, A> N). With this we can assume that I';, = (m < (a Ub), (¢ U d)>n),
where in the time interval [t;, t;+¢;] only the points b and ¢ intersect C x {—&} x [0, 1]
respectively C' x {1+ 0} x [0,1]. Analogously we can also write I';, 4., = (m/ < (a' U
b), (@ ud)en').

(5) Isotopy in t-direction for non-crossing ribbons. We now isotope in the ¢-direction
such that any part of the ribbon not crossing the middle region is the identity in the
intervals [t;, ;+¢;]. Denote the part of the ribbon I' in between [t;, t;+&i] by L'y, 1, 4¢,]-
This step ensures that I'y, 1, 1c,] = idmaa,don U O, t,4¢,], Where O, 4yc: Ey(bU
En(¢) — Eyn (V) U En(2) is the part of the ribbon straddling the middle region.

(6) Moving straddling coupons to the side. The middle region is homeomorphic C' x [0, 1]
(at any fixed time t). Since [0, 1] is topologically trivial there exists, for each i € I,
a ribbon tangle O, 4. b>¢ — b'>¢ in Sky(N) such that O, 4., is isotopic to
é[ti,t#fsi} pre- and postcomposed with ribbons obtained from “dragging” Oy, 4,1,
to the right into F'(N). [ﬂ This procedure is illustrated in [Coo023, Figure 7).

To summarize, given the arbitrary ribbon I we have produced an isotopic ribbon I' which
moreover is in the image of F’; this is because I' consists of ribbons in Ej/ (M) and En(N)

! ! _1
composed with ribbons of the form F (., *") and F( <Lm’am ) ). Put differently, there exists

L
m/<da,n m<a,n’

some ribbon diagram ¥ such that F' sends ¥ to I'. The inverse of ([13.2), i.e. F!

n (), () 1
induced by sending I' — W.

The inverse is well-defined. First of all, note that since F(I'y/,I'y) and F (LZQZDZ) —

m/,abn
m/da,n

the assignment [ — U is well-defined; i.e. that it sends equivalent ribbons to equivalent

this map will automatically be the inverse. However, we still need to argue that

31The reason we drag the ribbon to the right here is to avoid changing the levels which are defined by
the intersection as C' x {—d} x [0,1]. However, we could equally well work with the levels being given by
intersections as C' x {14 8} x [0, 1] and modify this step by dragging the ribbon to the left into F'(M) instead.
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ribbons. Pick some open cover of (M L4 N) x [0, 1] consisting of (opens homeomorphic to)
boxes. As explained in Remark any equivalence of ribbon diagrams in Sk 4(M Uy N)
can be decomposed into equivalences which are fixed outside one of the opens of the cover.
Thus, checking well-definedness can be done by considering the different local situations of
equivalences of ribbon diagrams separately. Morally, this directly follows from how the above
six steps are compatible with identifying ribbons locally. For more details including explicit
isotopies we refer the interested reader to [C0023, Section 1.4]. O

Remark 13.5. The diligent reader might wonder why we never mentioned the parenthesiza-
tion of coupons a single time in this section. Every single step of the above proof only isotopes
coupons, i.e. moves them around in M U4 N, but it never changes the coupons themselves.
Hence, the coupons and their parenthesization stays the same, and it was never necessary to
explicitly mention the latter.
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Appendices



A. Background on oco-operads and oo-categories

For the convenience of the reader we assemble some basics from the theory of co-operads
and oo-categories here. Explicitly, we first consider co-operads & la Lurie in Appendix [A7]]
In Appendix [A2] we introduce dendroidal sets as a model for oco-operads and recall that
these two notions are (Quillen) equivalent. An important tool in this thesis is that of colimit
cofinality which we review in Appendix [A73] In Appendix [A-4] we recall a useful localization
criterion, and in Appendix we give a brief result useful for computing the groupoid-core
of a slice category. Another key tool is that of operadic left Kan extensions, and we give a
brief specialization of the general theory to our setting in Appendix Lastly we explain
how to give a topology on a category, i.e. a Grothendieck topology, in Appendix

A.1. Colored operads and oc-operads. Colored operads, and the oco-operads they
give rise to play a central role in many of the constructions and arguments in this thesis. For
completeness we recall some of the basic definitions, all coming from [Lurl?), Section 2], as
well as some relevant results.

Definition A.1. [Lurl? Def. 2.1.1.1] A colored operad O consists of the following data:

(1) A collection {z,vy, z, ...} of objects or colors of O.

(2) For every finite set I, every I-indexed collection of objects {z;}icr in O, and every
object y € O, aset Mulp ({x; }ier, y), which we call the set of morphisms from {z; }icr
to y.

(3) For every map of finite sets I — J having fibers {I;},c, every finite collection of
objects {x;}icr, every finite collection of objects {y;};cs and every object z € O, a
composition map

[ Mulo({wi}icr;, y;) x Mulo({y;}jes, 2) — Mulo({zi}icr, 2) -
jedJ
We further require the composition to be associative.

(4) A collection of morphisms {id, € Mulp({z},x)}sco0 which are both left and right
units for the composition on O.

Recall from Construction [2.13] how any posets of marked opens gives rise a to colored
operad. Before we explain how to turn this into an co-operad we first need to define the
latter. For this we start by introducing some language. Throughout we let FiN, denote the
category of finite pointed sets and maps of finite sets that preserve the basepoint.
Definition A.2. A morphism « : Iy — J; in FIN, is called

e inert if a=1(j) ~ * for all j € J, and
e active if a71(+) = {+}.

Remark A.3. The inert and active morphisms gives rise to a factorization system on FIN,.
That is, any morphism a: I+ — J4 can be factored as

Qlinert 7 Qact
I+ mer I+ ac J+?
where the first arrow qjpert is inert and the second arrow ae¢ is an active morphism.

Definition A.4. Let F': C — D be a functor between oo-categories. A morphism f: d — d’
in D is called F-coCartesian if there exists an initial filler for each solid diagram of categories
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N (o)

1
l(s) e J/F-
(s<ty . p
The lift of f is denoted fi.

Definition A.5. Given a functor F': C — D and an F-coCartesian morphism in D, f: d — d’,
we can consider the coCartesian monodromy functor of f

fi €y = Ciy
that sends ¢ € C|, to fi(c), the coCartesian lift of f evaluated at c.

Definition A.6. A functor F': C — FIN, is called an inert-coCartesian fibration if each inert
morphism in FIN, is F-coCartesian.

We are now ready to define what an ooc-operad is.
Definition A.7. [Lurl7, Definition 2.1.1.10] An oco-operad is an oo-category O® and a

functor p: O® — FIN, such that

(1) pis an inert-coCartesian fibration. We refer to the inert-cocartesian lifts as the inert
morphisms in O%.
(2) If z € O®, and z — x; is an inert morphism over p;: I, — {i},, then for any

y e O®

Iy

Iy the commutative square
+

Mapos (y,7) —— [[ Mapoe (y, )

|7

HomFIN* (‘]+7I+) — HomFIN*(J_A,_, ].+)

is a pullback in SPACES.

(3) Given objects z1,...,x1 € (’)®‘1+, there exists an object x € 0%, with cocartesian

Iy
morphisms x — z; over p;.

Observe that the above definition should be thought of as the oco-categorical version of a
colored ordinary operad. Just as important as knowing what an oo-operad is, we also need
to understand maps between them.

Definition A.8. Let O® and P® be two oco-operads. A morphism of co-operads from O% to
P® is a commutative triangle

0 £ P
\ /
FiN,

such that the functor F' preserves inert morphisms. We also refer to such a functor F' as an
O%-algebra in P®, and denote by

Algy(P) C Fungpy, (0%, P%)
the full co-subcategory spanned by the O®-algebras in P®.
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We now return to the original quest, namely explaining how to get an oo-operad from a
colored operad arising from a poset of marked opens. This is the main source of co-operads
in this thesis.

Construction A.9. [Lurl7 Construction 2.1.1.7] Let O be a colored operad. Define a
category O% as follows:

(1) The objects of O% are finite sequences of colors z1,...,z, € O.

(2) Given two sequences of objects x1,...,zy, € O and yy,...,y, € O, a morphism from
{zi}1<i<m to {y;}1<j<n is given by a map a: My — N in FIN, together with a
collection of morphisms

{#; € Mulo({Zi}ica—1(j), ¥j) h1<j<n (A1)
in O.
(3) Composition of morphisms in O® is determined by the composition laws of FIN, and
of the colored operad O.

Note that the category O® comes equipped with a forgetful functor 7: O® — FIN,. In
fact, one can reconstruct the colored operad O from this functor up to canonical equivalence.

Notation A.10. Let O® be an oc-operad. In general, an object of O® is denoted by
(I+, (0i)ier), where I4 € FIN, and o; € O. To simplify notation we often abbreviate this
by only the finite tuple, i.e. 6 := (0;);er, and leave the object I € FIN, implicit. If the object
is in the fiber over 1, we simply write o := (14, (0)).

Remark A.11. Let O be a colored operad, and O be the corresponding (ordinary) category
from Construction Then the forgetful functor N(O®) — N(FIN,) is an oo-operad
[Lurl?7, Example 2.1.1.21].

In general we suppress the nerve from the notation. Hence in the situation of Remark[A.T]]
above we simply say “the ooc-operad O%®”.

Example A.12. We start with a colored operad coming from a poset of marked opens as
in Construction and want to give the corresponding oc-operad U®. Objects are finite
sequences of marked opens in {l which we denote by & = (u;)icr. Let © = (vj);jes be a second
object. A morphism f: @ — v is given by a map f: I — J; in FIN, such that for every
j € J the marked opens (u;);cs-1(;) are all pairwise disjoint and come with a marked inclusion

Uies1(5) v =™ vj-

The conditions on the opens to get a morphism is exactly the conditions for the collection
of maps in Equation (A.1)) to all be the singleton set (instead of the empty set).

Definition A.13. [Lurl?, Definition 2.3.1.1] We say that an occ-operad O® is unital if, for
every object X € O, the space Mulp (), X) is contractible.

This definition is the oco-analogue of asking for an ordinary (i.e. discrete, colored) operad
to have a unique nullary operation. Unitality in the sense of having a distinguished unique
unary operation, i.e. identity operation, is already built into the definition of an co-operad.

Example A.14. If one is working with co-operads arising from ordinary (unmarked) opens
and inclusions, i.e. 4® for 4 C open(X) some full subposet, one obtains a unital co-operad.
This is because () is an initial object.



A. BACKGROUND ON 00-OPERADS AND co-CATEGORIES 145

Remark A.15. In the marked setting () is only an initial object if the global space X is
trivially marked, i.e. if there are no marked points. This is because for any open U €
open(X ),k that contains at least one marked point there is no marked inclusion of () into
U. We have that 4®, for U C open(X )y some full subposet, is not a unital co-operad in
general.

Symmetric monoidal co-categories can be defined as co-operads satisfying some additional
conditions. To give the precise statement we first need the following definition.

Definition A.16. Let p : O® — FIN, be an co-operad. We say that a morphims f in O% is

e inert if p(f) is inert in FIN, and f is a p-coCartesian morphism;
e active if p(f) is active in FIN,.

Definition A.17. [Lurl7, Definition 2.0.0.7] A symmetric monoidal co-category is a co-
Cartesian fibration of simplicial sets ¢: C® — FIN, with the following property:

&

e For each N > 0, the maps {p’: N; — 1, }1<;i<n induce functors pi: Cﬁ — C‘1
- ’ + +

N
which determine an equivalence C|® ~ (C ® ) .
Ny 1y

Moreover, in Part |1| and [2] we always assume our target category to be ®-presentable. We
give the precise definition of this here.

Definition A.18. A symmetric monoidal co-category C® is ®-presentable if it is presentable,
and if, for each C' € C, the functor C' ® —: C — C takes colimit diagrams to colimit diagrams.

In particular, C® being presentable means that all (small) colimits exist. See for example
[Lur09al, Definition 5.5.0.1] for more details.

Example A.19. The oco-category of chain complexes over a fixed ring is ®-presentable. This
is a commonly used target in the literature on factorization algebras and encompasses e.g. all
examples of Costello-Gwilliam from [CG17, [CG21].

A.2. Dendroidal sets. In this subsection we give definitions, some examples and recol-
lect facts about dendroidal sets relevant for Section[7.1.1] We refer the reader to e.g. [CM11]
or [HM22] for more details. Dendroidal sets has a model category structure, briefly re-
called below, which is Quillen equivalent to that of Lurie’s co-operads, hence it presents the
oo-category of co-operads.

Notation A.20. We use the notation OPD’ for the (1, 1)-category of operads (and isomor-
phisms), while OPD is the (2, 1)-category of operads and operad maps.

Definition A.21. Let © denote the symmetric tree category, i.e. the full subcategory €2 —

OpD’ whose objects are the symmetric operads that are free on finite rooted non-planar trees.
The category of dendroidal sets is the presheaf category

DSET := Fun(Q°?, SET) .
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FIGURE 34. Two examples of (finite rooted non-planar) trees.

Definition A.22. The dendroidal nerve functor Ng: OPD’ — DSET is defined by
N4(O)(T) == OPD/(T,0) .
That is, it selects operations of shape T in the operad O.

Example A.23. Let i be a poset of marked opens, considered as a (colored) operad. More-
over, let T be the left tree of Figure 34l The dendroidal nerve of 4l evaluates as

Nq()(T) = OrPD/ (T, ) = {U1,Us, V € U | Uy S Uy =™V} .
That is, it picks out triples of objects in 4 coming with a marked inclusion of the shape of
the tree T. Explicitly, a marked inclusion of two disjoint marked opens Uj, Us into another

marked open V. For more complicated trees one simply gets more complicated (possibly
nested) marked inclusions of more opens.

We now briefly give the model structure on the category of dendroidal sets. Recall that
a model category is called left proper if all objects are cofibrant.

THEOREM A.24. [CM11], Theorem 2.4 and Proposition 2.6] The category of dendroidal
sets is endowed with a model category structure for which the cofibrations are the normal
monomorphisms. Moreover, the model structure is left proper.

We omit spelling out the fibrant objects, fibrations and weak equivalences since they are
not explicitly needed here. However, in Section [7.1.1] we need to understand the cofibrations,
i.e. the normal monomorphisms, so we now consider these in some more detail. Note that for
a dendroidal set B and a tree T in €, the group Aut(7") acts on the set Brp.

Definition A.25. We say that a dendroidal set B is normal if the action of Aut(7T") on Br
is free for any tree 7.

We now consider the class of examples of normal dendroidal sets relevant to us.

Example A.26. Let 4 be a poset of marked opens with () ¢ 4. Consider Ng(L)(7T) as in
Example The automorphism group Aut(7') in this case is simply the symmetric group
on 2 elements, i.e. Aut(7T) = 39 = {id, 7}. Acting with the non-trivial permutation element
on an arbitrary object gives

T((Ul,UQ,V),Ul U Uy =™ V) = ((UQ,Ul,V),UQ YU <™ V) . <A2)

Even though the marked inclusions clearly are the same because U is symmetric, the triples
are in general not the same. The only way the triples on both sides of (A.2)) would be equal
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is if U; = U, in which case we do not have a marked inclusion because the two opens would
not be disjoint.

To conclude that Ngq(4) is normal we need to consider arbitrary trees. The general au-
tomorphism group of a tree is given by an iterated semidirect product of symmetric groups
(see e.g. [HM22], Section 3.1]). However, the core argument above works the same, and we
leave the details to the interested reader.

Remark A.27. If we instead work with a poset of marked opens 4l which contains the empty
set the corresponding dendroidal set Ng(&l) is not normal anymore. For example, if in the
triple ((U1,Us, V), Uy U Uy —™ V) we set Uy = () = Us it follows that both sides of are
equal. Hence, it is crucial to exclude the emptyset from the poset of marked opens to obtain
normal dendroidal sets.

In a similar fashion to Definition[A.25|one can define what it means for a map of dendroidal
sets to be normal. However, in the case of normal monomorphisms we have the following result
which is sufficient for our use.

Remark A.28. [CM11l, Corollary 1.8] Any monomorphism i: A — B of dendroidal sets
with B normal is a normal monomorphism.

In Section we exactly work with dendroidal sets which are all normal exactly to be
able to employ the above result. The model category of dendroidal sets is used as a presen-
tation of the oo-category of co-operads. This is justified by a series of Quillen equivalences
existing in the literature, namely:

Remark A.29.
e Barwick has a model for oo-operads which is Quillen equivalent to Lurie’s model
[Bar1§].
e Moreover, Barwick’s model is shown to be Quillen equivalent to the model of com-
plete dendroidal Segal spaces by Chu, Haugseng and Heuts in [CHH18§|.
e Lastly, the three dendroidal models, and also dendroidal sets are compared to sim-
plicial operads by Cisinski and Moerdijk in [CM13al, [CM13Db].

In total we learn that even though we do an explicit computation in Section using
the model of dendroidal sets the homotopy theory thereof is equivalent to that of Lurie’s
oo-operads [CHH18|, Corollary 1.2]. This lets us extract a model-independent consequence,
and justifies not picking one specific model throughout.

A.3. Colimit cofinality. In this subsection we first give the definition of a colimit
cofinal functor. Then we recall some useful results for proving colimit cofinality where the
most notable one is Quillen’s theorem A. Lastly, we recall a colimit cofinality criterion which
is used in Section [7.3l

Definition A.30. A functor F': C — D between oco-categories is colimit cofinal if for each
functor D — &£ to another co-category the canonical morphism

colim (C Lpo 5) — colim (D — 5)
is an equivalence given that both colimits exists.

It is straightforward from the definition that the composition of two colimit cofinal functors
is again colimit cofinal. The dual notion is that of limit cofinal functors. However, since we
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mostly manipulate colimits coming from (operadic) left Kan extensions in this thesis we only
talk about colimit cofinal functors here.

Remark A.31. We warn the reader that the terminology “colimit cofinal” is not universal.
For example in Lurie’s work this is simply called a final functor, while the dual notion (i.e.
limit cofinal here) is called an initial functor. Meanwhile, e.g. Cisinski calls a colimit cofinal
functor for an initial functor in [Cis19]. We choose to say colimit or limit cofinal here to
circumvent this confusing terminology all together.

We now recall Quillen’s theorem A which is a very useful tool to check if a functor is
colimit cofinal. For more details on the co-categorical treatment of this theorem we refer the
reader for example to [Lur09al §4.1.3].

THEOREM A.32 (Quillen’s theorem A). Let F': C — D be a functor between co-categories.
The functor F is colimit cofinal if, and only if, for each d € D the classifying space

’Cd/‘ o~ (A.3)
1s weakly contractible.

Explicitly, in Part [1] of this thesis we often check weak contractibility of the undercategory
by proving that the undercategory is cofiltered or that it has an initial or terminal object.
Moreover, we also frequently use the results in the below (non-exhaustive) list of situations
which ensures colimit cofinality.

e Localizations of co-categories are both colimit and limit cofinal ([Cis19, Proposition
7.1.10]).
e Every right adjoint functor is colimit cofinal (JAF20b), Corollary 5.12]).
e A cartesian fibration with weakly contractible fibers is colimit cofinal ([Lur09al,
Lemma 4.1.3.2]).
Lastly, in Section [7.3] we use the following lemma, which gives a useful colimit cofinality
criterion. The pure category theoretic statement below was extracted from [AF20al, Propo-
sition 2.22].

Lemma A.33. [KSW24| Lemma A.4] Let D be an oco-category and
F: P* — RFib(D), p+— (F(p) — D)

a cone of right fibrations over D. The following are equivalent

(1) The map
C}?éllgn F(p) — F()
of co-categories is colimit cofinal.
(2) The map
colim F(p)~ — F(o0)~ (A.4)
peEP

of co-groupoids is an equivalence.
(3) For every object d € D, the induced map

lim F F
colim (p)a — F(c0)q

of co-groupoids is an equivalence.
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A.4. A localization criterion. Here we briefly recall the definition of oco-categorical
localizations, before recalling a general criterion to identify localizations which is used in

Section [.2l
Recall that the inclusion of SPACES into CAT, has a left adjoint

[
——
SPACES «— CATq

For an oo-category D the value of the left adjoint |D| is called the classifying space of D.
Using the model of complete Segal spaces one has that |D| = colim D, while in the setting of
quasi-categories the classifying space is given by the geometric realization.

Definition A.34. Let D be an oco-category and let W C D be an oo-subcategory which
contains all weak equivalences of D. The localization of D at W is then defined to be the
pushout

W——D

Lo

W] —— DV

We now give a lemma which provides a convenient criterion used to check if something
is a localization. We use the notation D~ for the groupoid-core of an co-category D, i.e. the
maximal groupoid inside D.

Lemma A.35. [KSW24] Lemma A.2] Let F: D — & be a functor between oo-categories.
Define
W = F~ Y equivalences in £}
to be the wide subcategory of D containing those arrows which become invertible in £. Assume
that
(1) the map of co-groupoids
W = €=

induced by F' is an equivalence, and
(2) for each d € D the map

(W % Dya| = (&/p(a)~

induced by F is an equivalence.
Then F induces an equivalence
DW= €.

Remark A.36. The above lemma is taken from [KSW24] where the authors learned about
the argument from Berry’s thesis [Ber21] and private communication with David Ayala.
Originally this argument, although with a major gap, appeared in [AFT17a]. The gap
was later closed using a result of Mazel-Gee from [MG19]. This argument also appears in
[Cep22|. Moreover, at the same time as [KSW24] was written essentially the same result
was extracted by Arakawa in [Ara24| Proposition 2.27].
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A.5. Groupoid-core of overcategories. Here we give a short lemma which identifies
the groupoid core of an overcategory with a certain coproduct used in Section [6.3] This result
seems to be implicitly present e.g. in the proof of [AFT17al Lemma 2.21], but since we do
not know a reference for this we have included a short proof.

Lemma A.37. Let D — C be an inclusion of two co-categories, and let x € C be an object.
Then we have an equivalence

D)™~ T Cw2)aun - (A.5)
yemo(D™)
PROOF. Recall that the map D,, — D is a right fibration. The same is true after passing

to the groupoid-cores, i.e. (D/m): — D~ is also a right fibration. By straightening, the
corresponding functor is
C(—,z): D™ — SPACES . (A.6)
We can tautologically write the groupoid-core of D as a coproduct over its isomorphism
classes. Explicitly, we have D~ = Hyeno(Dﬁ (y), where (y) is the full subcategory spanned by
the object y. Restricting the functor in to one connected component of the groupoid-
core, i.e.
BAutp(y) — D~ — SPACES , (A.7)

unstraightens to the left vertical map of the below pullback square

C(yax)AutD(y) — (D/m):
|- |
BAutD(y) — D~

where we have also computed the total space corresponding to the functor in (A.7) as the
colimit
colim C<y7 1’) = C(y7 x)AutD(y) )

yEBAutp (y)
i.e. gives exactly the Autp(y)-equivariant maps in C from y to z. This in turn implies equation
(5). O

A.6. Operadic left Kan extension. The theory of operadic colimits and operadic left
Kan extensions is developed in [Lurl?, Section 3.1] in much greater generality than what we
need in this thesis. Here we briefly recollect the necessary definitions and results simplified
to our setting following [KSW24| Appendix BJ.

Recall that we assume our target oo-category (C,®) to be ®-presentable (see Defini-
tion , so it is in particular symmetric monoidal. Let ¢: C® — FIN, be the cocartesian
fibration defining the symmetric monoidal structure (see Definition , and let C = Cﬁ
denote the underlying oco-category. Recall from Notation that objects of C® are abbre-
viated by (¢;); or simply ¢ while a 1-tuple is abbreviated by ¢ = (14, (¢)).

Notation A.38. We write operadic colimit diagram for “operadic g-colimit diagram” (as in
[Lurl?, Definition 3.1.1.2]) when q is the structure-defining cocartesian fibration to FIN,,
since this is always the case in this thesis. When we have an operadic colimit cone F”: K* —
C2, whose value at the cone point oo € K> lies in the fiber over I € FIN, we write

. ~ > ®
O(;i(él;l(mF(k) — F7(o00) €Cp .
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The latter is a mild abuse of notation since for an operadic colimit one needs to specify
both the base diagram F: K — C, as well as a cone Fj: K* — FIN? of ) :== go F. In
this notation the cone F{ is left implicit.

Proposition A.39. [Lurl7, Proposition 3.1.1.15 (2) & Proposition 3.1.1.20] Let F*: K* —
FIN? be a cone, and let @F”: K> — C be the transferred cone along the terminal transforma-
tion gF*(—) = 14. Then F* is an operadic colimit cone if and only if @ F* is an (ordinary)
colimit cone in C. Explicitly, we have

. ~ > ®
oi(élll(m F(k) = F*(c0) € Cor (o)

if and only if we have

. i >
c]g)ehlr(n F(k) ®F (0) €C.

Remark A.40. By the above proposition we see that every diagram F: K — C%, admits an
operadic colimit with cone point in C = Cﬁ by setting

ocolim F'(k) :== colim (X) F'(k) €C .
keK keK
This lies above the (unique) cone F§: ¢F = 14 which is left implicit.

Remark A.41. Precomposition with colimit cofinal maps also preserves operadic colimit
cones [Lurl7, Remark 3.1.1.4]. That is, we have

. ~ . ®
0(]31(%1}1(111 F(a(h)) ~ o%(élfl(m F(k) € CFg(oo)
whenever «: H — K is a colimit cofinal map.

Just like in the setting of ordinary or co-categories there is a notion of left Kan extension
also for co-operads. Moreover, this also gives rise to an adjunction [Lurl7, Corollary 3.1.3.5].
Explicitly, given a map ¢: O%® — P® of small oo-operads we have an adjunction

u: Algp(C) = Algp(C):
where the left adjoint ¢ is operadic left Kan extension and the right adjoint ¢* is given

by restriction. The operadic left Kan extension is characterized uniquely by the pointwise
operadic colimit formula

ocolim A(0) = (wA) (D) . (A.8)

Corollary A.42. [KSW24| Corollary B.1] If t: O® — P® is fully faithful, then v is also
fully faithful and induces an equivalence

act

o——p

Algy(C) = {.A € Algp(C) ' Vp € P: ocolim A ,(0) = .A(p)}

Corollary A.43. [KSW24., Corollary B.2] An algebra A € Algp(C) is the operadic left Kan
extension of its restriction to O if and only if it induces an equivalence

colim (X) A(0) = A(p) €C
5 act p
for allp e P.

In special settings we are able to relate the operadic and ordinary left Kan extension.
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Lemma A.44. [KSW24 Lemma B.3] Let t: O® — P® be a fully faithful inclusion of
oco-operads. Assume that for every object o € O% and every active map t(0) — p, i.e. with
codomain p € P, there exists a cocartesian arrow 6 — o in O lifting the active map I, — 14
which remains cocartesian in P®. Then the (a priori lax) square

Algp(C) <2 Alg,(C)

(_)”l - i(—m

Fun(0,C) <£E; Fun(P, ()

commutes and is a pullback. Here, the upper and lower horizontal functors are operadic and
ordinary left Kan extension, respectively.

Example A.45. Let ¢: 28 — i be an inclusion of posets of marked opens. The associated
oc-operad inclusion ¢: B® — ¥ satisfies the assumption of Lemma if and only if B
is closed under disjoint unions subordinate to Y. That is, for U,V € B two disjoint marked
opens such that U UV € 4, it follows that UV € B.

We also use the following definition, which is a natural extension of Lurie’s terminology.

Definition A.46. [KSW24| Definition B.5] Given the solid outer commutative diagram

where the left vertical map is fully faithful, we say that a dashed lift F is the operadic left
Kan extension of F if for each [ € L we have

ocolim F (k) =TF() .
Remark A.47. Using Proposition | we can equivalently say that [ is a left Kan exten-
sion of F' if the transferred diagram @) F': L — C is an ordinary left Kan extension of the
transferred diagram @) F': K — C. In particular, it follows that operadic left Kan extensions
are transitive and preserve the operadic colimits of a diagram.

A.7. Grothendieck topology and cosheaves. Pointless factorization algebras satis-
fies a local-to-global property that is encoded by a cosheaf condition. In this section we give
a more detailed explanation underlying the ad-hoc approach in Section In particular, we
explain what a topology on a category, i.e. a Grothendieck topology, is before giving more
details on the marked Weiss topology. With this we also define what a cosheaf with respect to
a Groethendieck topology is, and tie this to the previous definition of marked Weiss cosheaves.

A crucial concept for equipping a category with a (Grothendieck) topology is to specify
the allowable ways one can access an object.

Definition A.48. For d € D, a sieve on d is a fully faithful functor & — D4 such that for
each (¢ L d) € U and (e % d') € Dle,d') we have (e % d' L d) e ut.

In other words, a sieve is closed under precomposition with any morphism of D.
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Example A.49. Let D = 4 be some poset of marked opens, and let U € 4l be a marked
open. We immediately see that the downward closure U = il/y, i.e. a sieve in the sense
of Definition [3.6] is indeed a sieve in the sense of Definition [A.48] This justifies the ad-hoc
naming convention in Section [3}

We now go directly to the main definition in this subsection.

Definition A.50. A Grothendieck topology, T, on D is for each d € D, a collection of covering
sieves for d, denoted 7(d), such that

(1) for each d € D, Djq — D4 is in 7(d),

(2) for U € 7(d), and morphism f : e — d in D, we have f*U € 7(e),
(3) if U is any sieve on d € D such that the sieve

H{f:e—dlfuer(e)er(d)

then U € 7(d).
A category C equipped with a Grothendieck topology 7 is called a site.

Before we consider (marked) Weiss covers we give the most standard example:

Example A.51. For a topological space X there is a standard Grothendieck topology on
open(X). For an open V' € open(X), a sieve U = {U; — V'} is a covering sieve iff for each
x € V there exists some U; such that x € U;. In other words, the covering sieves are exactly
the sieves corresponding to standard open covers.

Example A.52. Entirely analogously to the above example we can equip open(X ),k with a
marked version of the standard Grothendieck topology. For a marked open V' € open(X )k,
a sieve U = {U; —™ V} is a covering sieve iff for each z € V there exists an U; such that
x € U;. That is, the covering sieves are exactly the sieves corresponding to the marked open
covers as in Definition [B.1]

Just like how a set can be equipped with several different topologies, one can also assign
several distinct Grothendieck topologies to a given category. As an illustration of this we now
give the Grothendieck topology on open(X ),k relevant to our setting.

Example A.53. Let X be a marked topological space, and consider the category open(X ) k.
Let V' € open(X)mk be a marked open. The marked Weiss topology is given as follows: a
sieve W = {W; <™ V'} is a covering sieve iff it is a marked Weiss cover, i.e. for every finite
subset S C V there exists a marked open W; € W such that S Cc W;.

To be able to formulate the cosheaf condition, we recall the right cone of a category W

W= =W x {0,1} H x .
Wx{1}

That is, one freely adjoins a terminal object to W. If W C D4, we have a functor
W‘> — D/d

that sends the terminal (co)cone point x to (d u d). Each morphism (d’ EX d) — * is sent to
the obvious square.
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Definition A.54. Let (D, 7) be a site and F: D — C a functor. We say that F is a (C-valued)
cosheaf (w.r.t 7) if for all objects d € D and all covering sieves W C D 4, the composite

wr —p,2p e (A.9)

is a colimit diagram.

There is a terminal object in the diagram (A.9), namely F(d). By the diagram being
a colimit diagram we mean that this object is the colimit of the diagram with the terminal
object removed, c.f. [Lur09a, Remark 1.2.13.5].

Example A.55. Let 4 be a poset of marked opens and A a copresheaf defined on . Asking
for A to be a cosheaf for the marked Weiss topology as defined above exactly boils down
to the cosheaf-condition in Definition [3.2I] In particular, the colimit diagram condition is
exactly that of Equation .
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B. Background on (oo, n)-categories and dualizability

In Appendix of this appendix we first recall how n-fold Segal objects model higher
categories. This is relevant for the pointless higher Morita categories where we construct
n-fold Segal objects in CAT,, and extract its underlying (oo, n + 1)-category. Then we recall
dualizability in this setting in Appendix [B.2] From dualizability in VECT and adjunctability
in CAT we motivate the definitions of duals and adjoints of objects, respectively morphisms
of an (oo, n)-category. We also recall results which drastically reduce the dualizability-data
one needs to provide.

B.1. Higher categories as n-fold Segal objects. We first give the definitions of n-
uple category objects and n-fold Segal objects in an oo-category D with finite limits. Then
we recall a result of Haugseng which produces n-fold Segal objects in D from n-uple category
objects in D. Together with the localization functor from n-fold Segal spaces to their complete
version this gives Construction [B.§ which is used in Section[0.1]when constructing the pointless
higher Morita categories.

Let D be an co-category with finite limits. Recall that for a simplicial object Xq: A°? — D
of D to satisfy the Segal condition one needs to show that there is an equivalence

XnJrk — X, X Xo Xk,

where the maps are induced by the inclusions of 0 < n, respectively n < n+k into 0 < --- <
n+k in A. We say that X, is a Segal (or category) object in D.

Definition B.1. Let D be an oo-category with finite limits. An n-uple simplicial object, i.e.
a functor

Xo,...,o: (Aop)n —D
is called an n-uple category object in D if, for each 1 < ¢ < n and every tuple k1, ..., ki1, kit1, ...
in (A°P)"~1 the simplicial object
Xkl7~~~7ki71».7ki+1a-~~7kn: A% — D

satisfies the Segal condition. Denote by Cat"(D) C Fun((A°P)",D) the full subcategory
spanned by the n-uple category objects.

For n = 2 this gives a double co-category, and in general we get n-uple co-categories.

Example B.2. We make this a bit more explicit for n = 2 and D = SPACES. Then we get

e a space X of objects,
e a space X of horizontal 1-morphisms and a space X 1 of vertical morphisms,
e as well as a space of commutative squares X7 ;.

Moreover, we also get units and coherent composition laws for all of these morphisms.

To instead get (0o, n)-categories we need two additional conditions to hold. First of all
we only want one type of 1-morphisms, so some of the spaces from the above definition needs
to be trivial. This is captured by the following definition:

Definition B.3. Let D be an oo-category with limits. An n-fold Segal object in D is an
n-uple category object X of D which satisfies the essential constancy condition. That is, for
each 1 <i < n — 1 and for every tuple ki,...,ki_1,kis1,...,k, in (A°P)"~! the degeneracy
map

Xbyoki1,0,0 — Xy, k (B.1)

i—1,9Ki+1,,kn
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is a weak equivalence. The full subcategory spanned by the n-fold Segal objects is denoted
by Seg, (D) C Cat"(D). In the special case of n-fold Segal objects of D = SPACES we call
them n-fold Segal spaces.

Example B.4. In contrast to Example [B.2] a 2-fold Segal space X corresponds to
e a space Xg o of objects,
e a space X1 of objects, and
e a space X1 of 2-morphisms.

Again, this comes with units and coherent compositions laws.

Note that for n = 1 there is no difference between the two notions because the condition
is empty. For n > 2 the essential constancy condition exactly corresponds to getting
rid of the unwanted 1-morphisms present in n-uple category objects.

In Section the formal construction of the (pointless) higher Morita categories is given
in detail for n = 1 and sketched for general n. In particular, for n = 1 the construction
leverages that constructible pointless factorization algebras forms an oo-category to construct
a category object in CAT,, c.f. Corollary Similarly, for general n one constructs an
n-fold Segal object in CAT.,, see e.g. and the surrounding discussion. From this we
want to extract an (0o, 2)-category, respectively (oo, n + 1)-category.

Observation B.5. Using the model of complete Segal spaces for co-categories we have
an inclusion CATs, < Cat!(SPacEs). This in turn induces an inclusion Cat™(CATs) —
Cat" 1 (SpAcES). Hence, from an n-uple category object in CAT4, one gets an (n + 1)-uple
category object in SPACES.

Moreover, there is a construction to go from n-uple category objects of D to n-fold Segal
objects. We make this more explicit for n = 2.

Construction B.6. Let n = 2, and let X, ,: (A°P)2 — D denote a 2-uple category object of
D. From this one extracts a 2-fold Segal space X as follows:

e Set )Nfo,. to be the constant simplicial object at Xgg.

e For n > 0 one defines )an,. to be the pullback

)E—np I Xn,o

Lo

5(:0’. —_— X(]’. .
The bottom horizontal map is induced by the degeneracies.

In the second step above we forget about the objects of X1 that are not in the image
of the degeneracy map Xoo — Xo,1. In other words, we exactly forget about the non-
trivial 1-morphisms in one direction. The construction for general n essentially iterates the
construction above, and yields the following result:

Proposition B.7. [Haul8 Proposition 4.12] Let D be an co-category with finite limits.
The inclusion Seg,, (D) — Cat™(D) has a right adjoint Ugeg: Cat" (D) — Seg,, (D).

The above produces an n-fold Segal space, but to get an honest (oo, n)-category we need
a complete n-fold Segal space. This corresponds to localizing at a suitable class of morphisms
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[Rez01]. We denote the corresponding localization functor by
L, : Seg, (SPACES) — CSS,,(SPACES) ,

where the latter denotes the full subcategory of complete n-fold Segal spaces.
In total, by putting together the different results above we get the following construction:

Construction B.8. Let X be an n-uple category object in CAT,,. By Observation we
view this as an (n + 1)-uple category object in SPACES instead. From this we can produce an
(00, n + 1)-category

L, Ugeg X € CSS;41(SPACES) .

We refer to this as the the underlying (0o, n + 1)-category of X.

B.2. Dualizability in higher categories. The main motivation for constructing the
pointless higher Morita category in Part [2| of this thesis is that it has advantages for dualiz-
ability. In this section we give a short review of the notions of dualizability and adjointability
in a symmetric monoidal (oo, n)-category. We mostly follow [Lur09b] where more details
can be found. Another reference is [Haul8] which works within the model of n-fold Segal
spaces. Lastly, we also recall some results from [Aral7] which drastically reduces the data
needed to exhibit (full) dualizability of objects.

As a gentle introduction we start by recalling the corresponding notions in ordinary cat-
egory theory. First out is what it means for an object of an ordinary symmetric monoidal
category to have a dual.

Definition B.9. Let (D, ®,1) be a symmetric monoidal category and let R be an object in
D. A dual of R is an object RV in D together with an evaluation map evg : RY @ R — 1 and
a coevaluation map coevg : 1T — R ® RY such that the snake identities

(idg ® evg) o (coevg ®@idg) = idg and (evg ® idg) o (idg ® coevy) = idg
holds. If an object R has a dual we say that R is (1-)dualizable.
Remark B.10. Note that above we assume the monoidal category D to be symmetric, so

there is no need to distinguish between left and right duals. This will always be the case for
the higher categories considered in this thesis.

One way of thinking about dualizability is that it often is a finiteness-condition of some
sort. An explicit example of this is the following:

Example B.11. Consider D = VECT,. An object V € VECTy is dualizable in the sense

of Definition exactly if it is finite-dimensional. In that case the dual space is given by
VYV = Hom(V, k).

Now we turn towards the analogous notion for morphisms, i.e. asking for adjoints.
Definition B.12. Let D be a bicategory and let R : R — S and L : § — R be two 1-
morphisms in D. We say that L is a left adjoint of R and R is a right adjoint of L if there
are 2-morphisms

n:idg = RoL and e:LoR=idg
called the unit and counit of the adjunction, respectively, such that
&€ OidL

L=TLoids 2% Lo RoL £ idp oL and

R=idso R RoLoREE Roidy
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are identities. These are also referred to as snake identities.

If one sets D = CAT, i.e. the 2-category of categories, functors and natural transfor-
mations, one gets back the usual notion of left and right adjoint functors from the above.
Analogous to how dualizability data often boils down to a finiteness condition of some sort
this is also often the case when asking for adjoints. For example, let D = ALGIfl(VECTk). A
1-morphism, i.e. an (A, B)-bimodule M, has a left adjoint if and only if it is finitely-generated
and projective over B.

We use the terms “objects of D” and “O-morphisms of D” interchangeably here. We now
turn towards the generalization of the above two definitions to the higher categorical setting.
For this we will exploit that from a higher category D one can extract an ordinary category
called the homotopy category hD as explained e.g. in [Lur09bl, Remark 2.1.19] in the setting
of Segal spaces. Moreover, fixing two (k — 2)-morphisms, for & > 2 one can extract a certain
bicategory called the homotopy bicategory, c.f. [Lur09bl Definition 2.3.13]. Using this we
have:

Definition B.13. Let D be an (0o, n)-category.

e A l-morphism A : R — 8 has a left (or right) adjoint if it has a left (or right) adjoint
in the homotopy bicategory hsD.

e For £ > 2 and R,8 two fixed (k — 2)-morphisms in D, let A and B be two (k —
1)-morphisms from R to 8§ in D. We say that a k-morphism f : A — B has a
left (or right) adjoint if it has a left (or right) adjoint in the homotopy bicategory
hQHOHlD(R, S)

e If D is symmetric monoidal we say that an object R of D is (1-)dualizable if it admits
a dual in the homotopy category hD of D.

Remark B.14. At a first glance it might be puzzling that the above definition, say for
adjoints, is meaningful using the homotopy bicategory instead of extracting an (oo, 2)-category
of k-morphisms (between two fixed (k — 1)-morphisms) and (k + 1)-morphisms. However,
this is justified by results of e.g. [RV16] which says that every adjunction in the homotopy
bicategory of an (00, 2)-category extends to an adjunction in the (oo, 2)-category itself. Thus,
working within the homotopy bicategory is indeed sufficient for detecting adjoints.

Remark B.15. If D is a Segal space which is not necessarily complete it is not actually
necessary to complete it before checking for adjoints. The homotopy bicategory can be defined
without completing D ([Haul7, Lemma 5.50]).

Remark B.16. Sometimes, like in the case of the pointed higher Morita categories it is
instead convenient to establish the snake identities in the (oo, n)-category D up to equivalence.
This in turn implies that in the homotopy (bi-)category they are identities.

Definition B.17. We say that a symmetric monoidal (0o, n)-category D is fully m-dualizable,
for some m < n, if every object is dualizable and for every 1 < k < m, every k-morphism has
a left and right adjoint.

Remark B.18. We warn the reader about ambiguous notation in the literature: If a sym-
metric monoidal (0o, n)-category D is fully n-dualizable (i.e. m = n) in the above sense it is
said to “have duals” in [Lur09b]. Conversely, for m < n we have that D is fully m-dualizable
in our sense if the underlying (oo, m)-category of D (obtained by discarding all non-invertible
higher morphisms) “has duals” in Lurie’s sense.
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The property of “having duals” or full dualizability heavily depends on m, which is why we
choose to include this dependence in our notation. For example, as recalled in Section 10| we
know that the pointed higher Morita category ALGP'(C), in particular a (oo, n 4 1)-category,
is fully n-dualizable but far from being fully (n + 1)-dualizable. See also [Lur09b, Warning
2.3.15 & Warning 2.3.22] for another example.

Another important concept is knowing when only certain objects of a higher category are
higher dualizable, without the entire higher category being so. For this we follow [Aral7].
We start with some definitions.

Definition B.19. [Aral7, Definition 4.1.8] Let D be an (co,n)-category and let f be a
k-morphism in D. We say that f has all adjoints in D if there exists a tower of adjunctions

_|fLL_|fL_|f_|fR_|fRR_|

in D. If we discard all k-morphisms of D that does not have all adjoints in D we obtain an
(00, n)-category that is denoted by D).

Definition B.20. Let R be an object in a symmetric monoidal (oo, n)-category D. We say
that R is 1-dualizable in D if it has a dual in D. For k > 2 we say that R is k-dualizable in
D if it is (k — 1)-dualizable as an object in D*=1),

Definition B.21. [Aral7, Definition 4.1.11] Let R be an object of a symmetric monoidal
(00, n)-category D. A complete set of 1-dualizability data for R is a choice of dual RV, together
with evaluation and coevaluation 1-morphisms. For k > 2, a complete set of k-dualizability
data for R consists of a complete set of (k — 1)-dualizability data for R, together with the
choice of a tower of left and right adjoints for each (k — 1)-morphism in this set, and choices
of unit and counit k-morphisms witnessing these adjunctions.

Proposition B.22. [Aral7, Proposition 4.1.14] Let R be an object in a symmetric monoidal
(00, n)-category D. Then R is k-dualizable if and only if there exists a complete set of k-
dualizability data for R.

From the above proposition we see that the data and conditions one must check for n-
dualizability of an object involves an increasing number of (infinite) towers of adjoints as
n increases. However, it is possible to drastically reduce the data needed to ensure full
n-dualizability of an object. For this we need the following definition.

Definition B.23. [Aral7, Definition 4.1.15] Let R be an object in a monoidal (oco,n)-
category D. A partial set of 1-dualizability data for R is a choice of a dual RV, together with
evaluation and coevaluation 1-morphisms. For k& > 2, a partial set of k-dualizability data
for R consists of a partial set of (k — 1)-dualizability data for R, together with choices of
left (or right) adjoints for all (kK — 1)-morphisms in this set, together with unit and counit
k-morphisms witnessing these adjunctions.

As the reader might anticipate, we then have the following very useful result.

THEOREM B.24. [Aral®, Corollary 4.1.20] Let R be an object in a symmetric monoidal
(00, n)-category D. Then R is fully n-dualizable if and only if there exists a partial set of full
n-dualizability data for R.

Lastly, one can transfer dualizability-data along a symmetric monoidal functor. We use
this to translate the known n-dualizability of ALGP*(C) to ALGP!(C). As we do not know a
concrete reference for this fact we also provide a (sketch of) proof tailored to our situation.
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Proposition B.25. Let F': C — D be a symmetric monoidal functor between two symmetric
monoidal (co,n + 1)-categories. If a k-morphism f, for 0 < k < n, of C has a left (right)
adjoint, it follows that its image F(f) in D also has a left (right) adjoint.

SKETCH OF PROOF. We model C and D as functors Cg, Ds: FIN, x (A°)" — CAT, and
F': C3 = D; as a natural transformation. Let us for simplicity assume k& > 2. For k € {0, 1}
the argument is an easier version of the below. Let f be a k-morphism of C, whose source and
target (k — 1)-morphisms go from R to 8§ two fixed (k — 2)-morphisms of C. The symmetric
monoidal (0o, k + 2)-category of morphisms is given by:

HOmC(:R,S);‘ = {ZR} Xc(k—Q),U,i C(k72)717: XC(]C_Q)’O,S‘ {5}
where we use Notation [[0.23] The natural transformation F induces a natural transformation
F: Hom¢ (R, 8)s = Homp(F(R), F(8))s: FIN, X (AOP)"_’YH'2 — CAT .

Upon truncating and applying he, i.e. going to the corresponding homotopy bicategory, we
in turn get a symmetric monoidal functor between the corresponding homotopy bicategories.
The k-morphism f we started with is a 1-morphism in the corresponding homotopy bicat-
egory hoTHome(R,8), which by assumption has a left adjoint f witnessed by unit and
counit maps 1 and e. In this setting it is straightforward to verify that the corresponding
image F(f) has left adjoint F'(f¥) witnessed by the unit and counit maps F(n) and F(g) in
hotHomp(F(R), F(8)). The statement for right adjoints is entirely analogous. O
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C. Enriched category theory

We first give a brief recollection of how one can construct “free” V-categories from V-
graphs in Appendix[C.1] This is the first step of the definition of the enriched Tambara tensor
product in Section [11.3.1] The second step of the definition corresponds to imposing relations
on a V-category, a procedure which is briefly explained in Construction [C.3] The complete
list of relations imposed for the Tambara relative tensor product is given in Appendix [C.2]
Throughout this appendix we assume that )V is a cocomplete symmetric monoidal closed
category.

C.1. V-categories from V-graphs. Here we first define the notion of a V-graph before
explaining how to obtain certain “free” V-categories from such V-graphs. The reference for
this is [Wol74].

Definition C.1. A V-graph Q consists of a set of objects Ob(2) and for every pair A, B €
ODb(Q2) an object Q(A,B) € V. Given two V-graphs 1 and Qo, a morphism of V-graphs
F: 1 — Qy consists of a function F: Ob(§;) — Ob(€2) together with maps
Fap: (A, B) — Qa(F(A), F(B))
in V for all A, B € Ob(Q;). We write V-Gph for the (1-)category of V-graphs and V-graph
morphisms
There is a natural functor
V-Cat L V-Gph
which simply forgets composition and identities. This forgetful functor turns out to have a
left adjoint.
Proposition C.2. [Wol74l Proposition 2.2] The forgetful functor U has a left adjoint
Free: V-Gph — V-Cat

sending a V-graph §) to the free V-category Free(2) defined as follows:

e Ob(Free(2)) = Ob(Q)

e For A, B € Ob(R2) let Aa p be the set of all finite sequences {A, X1, ..., X,, B} with

X; € Ob(Q) for 1 <i <mn. Define:

HAAyB Q(Ale) ®VQ(X17X2) ®V”'®V Q(XnaB)v ZfA#B

Free(2)(A, B) = {(HAA,B Q(A, X1) @ (X1, Xp) @Y -+ @Y (X, B)) [[1v, i A=B

We explain how the composition in Free(Q2) is defined. First, note that by assumption we
have that V @Y — preserves colimits. Thus, for A # B , B # C we have:

Free(Q)(A, B) @Y Free(Q)(B, C)
= I (eax)e” e’ oX,B) ¥ (ABY) e &’ 0¥, 0))
Aa,BXAB,c

and similarly if A = B or B = C (including an extra copy of 1y). Denote by Vs B the
canonical maps into the coproduct for each 7 € A4 g. With this we have that the composition
oap,c: Free()(A, B) ® Free(Q)(B,C) — Free(2)(A, C) is defined on components by

! /
(caBc)o(thp®ipe)=thc -
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Here 77’ denotes the concatenation of the sequences 7 and 7’ over their common target,
respectively source.
Define ja: 1y — Free(Q2)(A, A) to be L114VA. In the case that A = B, define

(0a,4,B) 0 (L,lafA @i p)) =tapolap

where [7y 5 is the left unitor

1V ® (g(A7X1) K- ® Q(Xn,B>) ZTA—’B> (Q(A, Xl) - ® g<Xan))

in V. The case B = C' is analogous.
The following construction explains how one can impose relations on morphisms in the
setting of enriched categories.

Construction C.3. Let C be a V-category and let f,g: 1) — C(x,y) be two morphisms that
we wish to identify in C. We can do so by defining the following V-category

Cf g [OVCII~a) = Ob(C)
g (C/f ~g)(a,b) = coequalizer in V of the diagram

idv®vg®vid —0—0—
Cly.b) ® 1y @Y Cla,x) —— 1 C(y,b) ®¥ C(a,y) ® Cla,2) 7 C(a,b)
idy®Y feVvidy —oTor

(C.1)

C.2. Enriched Tambara tensor products. We here include the complete list of rela-
tions imposed in Definition [11.21} i.e. in the definition of the enriched Tambara relative tensor
product.

e Isomorphism:
1y =1y QY 1y
|emam ey
Free(Q)((m,a>n), (m<a,n)) @ Free(Q)((m <a,n), (m,a>n))

|-e-

Free(Q)((m<a,n),(m<a,n))

Iy

lid(nma,n)

Free(Q)((m<a,n),(m<a,n))

. . . m,a>n m,a>ny —1 .
Similarly, we impose the relation t;m4en © (tman)  ~ 1y amn) -

e Naturality:
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ly=2lyeYlyeYlyeYly
feVuRY g untan

M(m,m') @ A(a,d") @ N(n,n') @ Free(Q)((m<a,n), (m,a>n))

idy®YP (4 n), (af ) @ idv

Free(Q)((m,a>n), (m',a’ >n’)) é@v Free(Q)((m<a,n),(m,a>n))

—0—

Free(Q)((m<a,n),(m’,d >n'))

ly=21lyeYlyeYlyeYly

! /
,a D
Lm/ a ",®Vf®vu®vg

Free(Q)((m/ <d’,n'), (m',d' >n')) @ M(m,m') @ Ala,d’) @ N(n,n’)

idy ®v<](m,a),(m/ ,a’) ®vidv

Free(Q)((m' <d’',n'),(m’,a’ >n')) é@v Free(Q)((m<a,n),(m'<ad’,n’))

—0—

Free(Q)((m<a,n), (m',a’ >n'))
e Compatibility with the associator:

Iy =21y eYlyeYly
|Ganeva, Jevim ey

a,b,n

Free(Q)((m,a> (b>n)), (m, (a ®b)>n)) @Y Free(Q)((m<a,b>n), (m,as (b>n)))
®YFree(Q)((m<a)<b,n),(m<a,b>n))

|-ome-

Free(Q)(((m<a)<b,n), (m,(a®b)>n))

1y =21y @Y1y
J(Lm,a@bbn@v(ﬁ»}/:ﬁa,b®vidn)

mda®b,n

Free(Q)((m < (a ® b),n), (m, (a ®b)>n)) @ Free(Q)(((m<a)<b,n),(m<(a®b),n))

|-e-

Free(Q)(((m<a)<b,n), (m,(a®b)>n))

e Compatibility with unitors:
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1y =1y QY 1y
l(idrrl@VTivLL)@VLm%lﬁZ
Free(Q)((m, Lav n)? (m7 n)) ®V Free(Q)((m L4, n)a <m7 Lav TL))

Free(Q)((m<ly,n), (m,n))

1y
lnﬁ@)vidn

Free(Q)((m<ly,n), (m,n))
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